STABLE WILD VAFA-WITTEN BUNDLES ON THE PROJECTIVE PLANE

ROBERT J. CORNEA

ABSTRACT. This work explores the geometry of stable wild Vafa-Witten bundles over the complex
projective plane P2. Specifically, we consider stable rank-two pairs (E,®), with E — P2 a rank-
two holomorphic vector bundle and ® € HO(P2,EndoE ® O(d)) for d > 0, and compute the
dimension of the moduli space of such stable pairs. Moreover, we classify stable pairs (E,®)
when the underlying rank-two bundle E splits or is the push-forward of a line bundle on P! x P,
Lastly, we examine the fixed point locus of the natural C*-action on the moduli space.

1. INTRODUCTION

In this paper, we study rank-two stable wild Vafa- Witten bundles on P2. Wild Vafa-Witten
bundles on a Kéhler surface X are pairs (E, ®) consisting of a holomorphic vector bundle F on X
and a holomorphic bundle map ® : E — E ® L, called a Higgs field, for some fixed holomorphic
line bundle L — X. When L = K, the canonical bundle of X, these pairs are simply called Vafa-
Witten bundles and were introduced by Vafa and Witten while studying the S-duality conjecture
for N' = 4 supersymmetric Yang-Mills theory [27]. Such objects extend the notion of Higgs bundles
on Riemann surfaces to Kéhler surfaces, the wild pairs corresponding to the generalized Higgs
bundles studied by Bottacin [5] and Markman [17]. The terminology wild originated in [2] where
the authors considered L = Kx (D) for some effective divisor D on a Riemann surface X, allowing
the Higgs field to have poles at the points of D, thus resulting in “wild” behaviour.

On the complex projective plane P2, non-trivial stable Vafa-Witten bundles do not exist; to be
precise, when L = Kx and (E, ®) is stable, one can show that ® = 0 [16]. Nonetheless, non-trivial
stable wild Vafa-Witten bundles do exist on P? when L = O(d) for d > 0 [6]. We analyze rank-two
stable pairs (E, ®) with trace-free Higgs field ® : E — E®O(d), d > 0, and determine the dimension
of certain components of the moduli space of stable wild Vafa-Witten pairs. Our approach parallels
Rayan’s study of co-Higgs bundles on P! [21] and P? [22].

We begin by analyzing stable wild Vafa-Witten pairs (F,®) in the case where E splits as a
direct sum of two line bundles and ® : £ — E ® O(d), d > 0. And for a fixed split bundle E, we
compute the dimension of the space of Higgs fields on E modulo conjugation; this corresponds to
the dimension of the Zariski tangent space to the moduli space at the point (F, ®). Schwarzenberger
proved that any rank-two holomorphic vector bundle E — P? arises as the push-forward of a line
bundle on a double cover f :Y* — P2 branched over a curve of degree 2¢ [25]; these are known as
Schwarzenberger bundles of type £. We consider Schwarzenberger bundles of type £ = 1 and ¢ = 2.
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For fixed ci,co € Z and d € Z>°, we denote MXIVZQ 4 the moduli space of rank-two stable wild
Vafa-Witten bundles (E,®) on P? with ¢;(F) = ¢1H, c3(E) = coH?, and ® € H°(P?,EndoF ®
O(d)). Note that if c; =7+ s—1and ¢ = 3(r(r — 1) + s(s — 1)) for some s,r € Z with s > r,
then MY"W  contains stable pairs (E, ®) where E is a Schwarzenberger bundle of type £ = 1. We

C1,C:
consider moduli spaces with such Chern classes for d > 1.
When d = 1, we give a complete classification of stable wild Vafa-Witten bundles. Moreover, we

have the following:

Theorem 1.1. Forr,s € Z with s > r, letcy =r+s—1 and co = (r(r — 1) + s(s — 1)). The

VW
C1,C2,

moduli space M 1 s smooth of complex dimension 6.

When d > 1, we consider connected components of MXVL 4 containing pairs (E, ®) where E is

a Schwarzenberger bundle of type ¢ = 1. We prove the following:

Theorem 1.2. Letd > 1 andr,s € Z withs >r. Letc; =r+s—1 and c; = 3(r(r—1)+s(s—1)),

and let C be a connected component of MXIYZZ,d containing stable pairs whose underlying bundle is

a Schwarzenberger bundle of type £ = 1. The complex dimension of C is then %d(d +3).

The moduli space of Higgs bundles over Riemann surfaces admits a natural algebraic action of
C*, induced by scaling the Higgs field. This action plays a central role in the computation of various
enumerative invariants via localization techniques. An analogous C*-action is present on the moduli
space of wild Vafa-Witten pairs and can likewise be exploited to compute invariants. Among these
are the Tanaka-Thomas invariants, introduced by Tanaka and Thomas in [26], defined as integrals
of the virtual Euler class of the virtual normal bundle of the compact C*-fixed locus of the moduli
space of stable wild Vafa-Witten bundles (see [27, 26, 15, 8], for a detailed discussion). We end the
paper by describing the C*-fixed locus of the moduli space of stable wild Vafa-Witten bundles on P?,
following the analysis of Tanaka and Thomas; the computation of the Tanaka-Thomas invariants
will appear in a future paper.

The paper is organized as follows. Section 2 contains the necessary background for this paper.
Section 3 is devoted to the study of stable wild Vafa-Witten bundles when the underlying bundle
is split or a Schwarzenberger bundle for £ = 1,2. Section 4 contains the deformation theory of
stable wild Vafa-Witten bundles and a proof of Theorems 1.1 and 1.2. Lastly, Section 5 contains a
description of the C*-fixed locus of stable wild Vafa-Witten bundles on P2,

2. PRELIMINARIES

In this section, a brief overview of the basic objects and concepts needed in this paper are
presented.

Definitions. We begin by introducing some definitions.

Definition 2.1. Let X be a complex manifold with canonical bundle Kx. A Vafa- Witten bundle is
a pair (E,®) where E — X is a holomorphic vector bundle and ¢ : £ — F ® Kx is a holomorphic
bundle map called a Higgs field. Equivalently, ® € H%(X,EndE ® Ky).

These pairs were first considered by Vafa and Witten [27] for X a Kéahler complex surface. In
this paper, we consider the more general case where the canonical bundle Kx is replaced by any
holomorphic line bundle L — X.
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Definition 2.2. Let X be a complex manifold and L — X be a fixed holomorphic line bundle.
A wild Vafa-Witten bundle is a pair (E,®) where E — X is a holomorphic vector bundle and ® :
E — E® L is a holomorphic bundle map called a Higgs field. Equivalently, ® € H*(X,EndE® L).

This is a higher dimensional analogue of the generalized Higgs bundles considered by Bottacin
[5] and Markman [17] on Riemann surfaces. Physicists are particularly interested in the case
L = Kx (D) for some effective divisor D on X (see for example [2]).

Example 2.1. On X = P2, holomorphic line bundles are of the form O(d) for some d € Z. Thus,
a wild Vafa-Witten pair (E, ®) is such that ® € HY(P?, EndE ® O(d)) for some d € Z.

We are interested in moduli spaces of stable wild Vafa-Witten bundles. In order to define stability,
we need the notion of degree.

Definition 2.3. Let X be a complex projective manifold of dimension n and £ — X be a rank r
holomorphic vector bundle and choose any ample line bundle H on X. We define the degree of E
to be

degy(E) := ¢ (E) - H" '

Example 2.2. On X =P? n =2 and so degy (E) = ¢1(E) - H. We choose the ample line bundle
H = O(1) for the definition of the degree throughout the paper. For E — P? a rank  holomorphic
vector bundle, ¢;(E) = ¢1(O(m)) for some m € Z. Therefore,

degr(E) = e1(O(m)) - e1(O(1)) = m.

Definition 2.4. Let X be a complex projective manifold with fixed ample line bundle H. Let
(E,®) be a wild Vafa-Witten bundle over X with ® € H%(X,EndE ® L) for some line bundle L on
X. We say that the pair (E, ®) is stable (with respect to H) if for any non-zero proper subsheaf
F C E satisfying ®(F) C F ® L, we have that

degpy (F) < degy (F)

(2.1) rank(F)  rank(E)

We call the pair semi-stable if we allow for equality in the above inequality.

Remark 2.5. Since we are only dealing with rank-two bundles E over P2, it suffices to only check
the inequality (2.1) for sub-line bundles of E. See [10, p.87].

Example 2.3. On X = P? with the ample line bundle H = O(1), let (E, ®) be a rank-two wild
Vafa-Witten bundle over P? with ® € H(P?, EndE ® O(d)), d > 0. Then, the pair (E, ®) is stable
if for every sub-line bundle L C F satisfying ®(L) C L ® O(d), we have ¢1(L) < ¢1(E).

Remark 2.6. It is worth noting that from the definition of stability of a vector bundle that a vector
bundle E is stable if and only if there exists a line bundle L such that E ® L is stable if and only
if for all line bundles L, E ® L is stable.

Remark 2.7. In this paper, we use the terminology stable pairs interchangeably with stable wild
Vafa- Witten bundles.

When classifying stable wild Vafa-Witten bundles, one does so up to isomorphism.
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Definition 2.8. Let X be a complex projective manifold with fixed ample line bundle H. Given
two stable wild Vafa-Witten bundles (E;, ®1) and (Eq, ®2), we say that (Ep, ®;) is isomorphic to
(FEa, ®) if there exists an isomorphism of the underlying holomorphic bundles f : E; — Es such
that ®; = f~ 1o ®y0 f.

Remark 2.9. In the above, when E1 = Es, pairs (E,®1) and (E, ®2) are isomorphic if there exists
an automorphism g : E — E such that ® = g~ o ® 0 g. In this case, pairs are isomorphic when
the Higgs fields are equivalent up to conjugation by automorphisms of the bundle.

The spectral correspondence. There is a correspondence relating stable Higgs bundles over
Riemann surfaces to spectral covers called the spectral correspondence that was first developed
by Hitchin [13]. This also holds for stable pairs (E,®) on complex projective surfaces X with
® € H(X,EndE ® L) for L a fixed line bundle on X. Let us briefly describe this correspondence.

Suppose X is a complex surface with L a fixed line bundle on X. Let E — X be a rank r
holomorphic vector bundle and ® € H°(X,EndE®L). Consider the pullback bundle 7*L — Tot(L)
over the total space of L. The characteristic polynomial of ® over Tot(L) is

(2:2)  chary(®)(p,A) =" (p,A) + (" ' @7 G)(p, A) + (" P @ TG (p, A) + -+ ¢ (p, ),

where 7 : Tot(L) — 7* L is the tautological section of 7*L, defined by

n(p,A) = ((p,4),A)) € m°L,

and

¢! = (—1)'Tr(A'®) € HO(X, L®).

If ® has distinct eigenvalues, then the zero locus of (2.2) defines a non-singular complex surface we
denote Y. The map 7 restricted to Y gives an r:1 cover Y — X with branching locus given by the
zeroes of (2.2). Given a line bundle M on Y, the push-forward 7, M is a rank r holomorphic vector
bundle on X. For open sets U C X, there is the mapping M|,y —+ M & 7" L| -1y defined by
s+ s ®n. The push-forward of this map gives a mapping

7T*M|U — M ® L|U7

where m, M ® L = 7,(M ® 7*L) using the projection formula. This map is a Higgs field ® for the
bundle 7.M and the pair (®, 7, M) is stable. This implies that if one wants to study rank-two
stable wild Vafa-Witten pairs (E,®) on P2, one needs to study double covers of P2. For a more
in depth presentation on the spectral correspondence, see [13, 5, 17, 23, 24, 3] and the references
therein.

Double covers of P2. The non-singular surfaces Y appearing as double covers Y — P? in the
spectral correspondence were studied by Schwarzenberger [25] to construct rank-two holomorphic
vector bundles over P2. His result is:

Theorem 2.10 (Schwarzenberger). Let E — P? be a rank-two holomorphic vector bundle. Then
there exists a non-singular surface Y, a line bundle L — Y, and a double cover f : Y — P2 such
that E = f.L.
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Let f : Y — P? be a double cover of the projective plane branched along a smooth curve
of positive degree 2¢. The geometry of Y* depends on the value of . When ¢ = 1, one has
Y1 =2 P! x P! for £ =2, Y2 is a del Pezzo surface of degree two, equivalently the blow-up of P? at
seven distinct points in general position; for £ = 3, Y3 is a K3 surface; and for £ > 4, the surfaces
Y* are of general type [19]. For any line bundle L — Y, the push-forward f.L defines a rank-two
vector bundle on P?. In what follows, we describe the rank-two vector bundles arising from Y and
Y2, The case ¢ = 3 is only partially understood, and, to the best of the author’s knowledge, no
results are available for ¢ > 4.

Let ¢ = 1. In this case, the double cover f : P! x P! — P2 is branched along a conic, i.e., a curve
of degree two. The vector bundles of rank-two on P? obtained as push-forwards of line bundles on
P! x P! under f admit an explicit description. Let m; : P x P! — P! be the projection map onto
the i-th factor for ¢ = 1,2. Every line bundle on P! x P! is of the form

O(r,s) :=770(r) @ m30(s),

for r, s € Z. For each such line bundle, we denote the associated rank-two bundle on P? by

E, s := f.O(r,s).

Given any p € H°(P?,O(2)), its zero locus determines a conic, and hence defines a double cover
f» : P x P! — P? branched along this conic. To record the choice of branching curve, we write
E? = f,+O(r, s) for the resulting bundle. The bundles Ef ; are known as Schwarzenberger bundles
of type £ = 1, originally introduced by Schwarzenberger in [25]. Their basic properties are discussed
in [25, 22].

Remark 2.11 (Some Properties of the Bundles EY ). The bundles Ef, have the following
properties:

i) Ef = EZ,.. Because of this, without loss of generality, we will always assume s > r in this
paper.
it) Ef = Ey  if and only if (r,s) = (r',s") or (r,s) = (s',1").
iii) cr(Ef,) = (r4+s—1)-H, co(Ef,) = 5(r(r —1) + s(s — 1)) - H*> where H is the hyperplane
section on P? (or, H = c¢1(O(1)) for O(1) on P?).
iv) Given two conics p,p’ € H°(P2,O(2)) as branching curves for the map P! x P! — P2, then
Eﬁ:s X EL fors=r,r+1,r+2and Eﬁ:s ZEL fors=r+k with k> 2.
v) Bf, = O(r)®0(r-1), E,.,, = O0(r)®0(r), E, ., = TP*®0(r—1), and these isomorphisms
are independent of the choice of branching curve p € H(P?, O(2)).

Let £ = 2. The double cover g : Y2 — P2 is now branched over a curve of degree four; we denote
the double cover in this case by g to avoid confusion with the map f when ¢ = 1. Referring to
[25], the smooth surface Y2 is the blow-up of P? along seven distinct points py,po,...,pr € P? in
general position (that is, no three points are collinear and no six lie on a conic). As such, we denote
Y?2 by ]f"% As for Schwarzenberger bundles of type £ = 1, we construct rank-two bundles on P? by
taking push-forwards of line bundles on IF"% to P2. Line bundles on I@% have the following description
[25]. Denote by Ni, Na,---, Ny the exceptional divisors in I@’? obtained by blowing up the points
p1, P2, - ., P7, respectively. Let H be the hyperplane section on P? and set M := ¢g*H. Any divisor
on P2 has the form pM + ZZ:1 t;N; with p,t1,ta,--- ,t7 € Z. We denote
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7
Pt .= <pM + ZtiNi>

i—1
for any p, t1,ta, ..., t7 € Z. Let g, : P2 — P? be the double cover determined by p € HO(P?, O(4)),
which is branched along the quartic p = 0, and let

[ psti
Ep,ti T gPa*L T

be the corresponding rank-two bundle on P2. We call these bundles Schwarzenberger bundles of
type £ = 2. Their basic properties are discussed in [25].

Remark 2.12 (Some Properties of the Bundles Egt) Suppose p,tq,ta, ..., t7 € Z. Then the
bundles Eﬁ,ti have the following properties:

i) IfEp, =Eb, thenp=3) s +8q and t; = —s; —3q —>_, s;.
ii)

7
Cc1 (Egl)),ti) = (Z ti+ 3p — 2) H.
t=1
i11)

7 7
CQ(Eg’ti): 4p2_3p+(3p_1)th+zt?+ztitj H?.
=1 j=1

i<j

i) Forp>—1,

1 1 2) ifallt; >
hO(P27E£7ti): 2(p+ )(p+ ) Zfa’ 70 )
d(p,t;) somet; <0
v) Forp> —1,
hl(PZ Ef,) = 525:1 ti(t; — 1) if all t; >0
» Lop ot d(p, t;) — %(er D(p+2)+ % 237.:1 ti(t; —1) somet; <O
where,
1 1 o
d(p,t;) = §(p+ D(p+2) - 52%‘(%‘ +1)

1s the dimension of the vector space of curves of degree p having multiplicity —t; at the points
p; for which t; < 0. If p < —1 in properties iv) and v), then one simply uses Serre duality on
h"(P?,EP ) forr =1,2. See [25, Proposition 13].

Note that certain rank-two holomorphic bundles over P? are Schwarzenberger bundles of type
both £ = 1 and ¢ = 2. For example, Schwarzenberger gives a classification of non-homogeneous
rank-two bundles that are Schwarzenberger bundles of types both of £ = 1 and ¢ = 2. Recall
that a rank-two vector bundle over P? is said to be homogeneous if it is of the form O(a) © O(b),
TP? @ O(c), or T*P? @ O(d) for some a,b,c,d € Z. We have:
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Proposition 2.13. ([25, Proposition 11]) Let E be a non-homogeneous rank-two vector bundle on
P2. Suppose that E = E?  for some r,s € Z and p € HO(P%,0(2)), and that E = E{,’:ti for some
pti,ta, .ty € Z and pf € HO(P?,0(4)). Then, p € {~7,—6,....—1}, r = p, s = p+ 3, and
23:1 t; =4 —p. In particular, E is stable.

C*-locus. There is a natural C* group action on Higgs bundles over curves, used to study the
topology of the moduli space of stable Higgs bundles (see for example [14, 23]). This action also
exists in the case of wild Vafa-Witten bundles over P2. Tt is defined as follows: given a stable wild
Vafa-Witten bundle (E, ®) and ¢ € C*, we set ¢- (E,®) = (E, c®). The C*-fixed points have the
following structure:

Theorem 2.14. Let d > 0. Given a C*-invariant stable wild Vafa-Witten bundle (E,®) with
® € H°(P?2, EndE®O(d)), the Higgs field ® is nilpotent, i.e., ®" = 0 for some n € N. Furthermore,
the bundle E decomposes as

E=DE:;
]
where E; ; are sub-bundles of E and ® : E; j — E;_1 j11(d).

For more details, see [26, Section 7.3] and [8, Proposition 2.15]. One can use virtual cycles in
the sense of Behrend-Fantechi [4] on the C*-fixed locus to compute the Tanaka-Thomas invariants
of the moduli space [26].

Notation. We denote E(d) := E ® O(d) throughout for any holomorphic vector bundle E on P?
and d € Z.

3. STABLE WILD VAFA-WITTEN BUNDLES

In this section, we consider rank-two stable wild Vafa-Witten bundles (E,®) with E a split
bundle or a Schwarzenberger bundle of type ¢ = 1 or £ = 2, and ® € H°(P?,EndE(d)), d > 0.
When E = O(mq) ® O(ms) with mq, ms € Z, by deformation theory, the Zariski tangent space
to the moduli space M;]m\llv+m2,m1m2,d at the point (E,®) corresponds to the space of trace-free
Higgs fields @ € H°(P% EndoE(d)) with (E,®’) stable, up to conjugation by automorphisms of
E (see Section 4); we compute the dimension of this space. When the underlying bundle is a
Schwarzenberger bundle of type ¢ = 1, we compute the dimensions h¢(P?, EndgE(d)), i > 0, which
appear in the deformation theory of wild Vafa-Witten pairs (see Section 4). Finally, we determine
which Schwarzenberger bundles of type ¢ = 2 are stable; for such bundles, the pair (E, ®) is stable

for any Higgs field ®.
3.1. Split Case. We first consider pairs (E,®) with E the sum of two line bundles and ® €
H°(P2,EndE(d)), d > 0. Let E = O(my) ® O(my) with m1,my € Z. In this case, the Higgs field
may be express globally as
A B
v=( )

with A € H°(P?,0(d)), B € H*(P?,0(my — ma +d)), C € H°(P?,O(my — my + d)), and D €
HO(P2,O(d)). As in [22, Proposition 5.1], stability imposes conditions on m; and ma:

Proposition 3.1. Let d > 0 and E = O(m1) ® O(msz) with mi, ms € Z. Suppose that there erists
a ® € H°(P?, EndE(d)) for which the pair (E,®) is stable. Then |my —ma| < d.
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Proof. Assume without loss of generality that my > ma. If my —mo > d, then C = 0 and O(m,)
becomes P-invariant and destabilizing, contradicting the stability of (E, ®). a

For fixed F, let us now compute the dimension of the space of Higgs fields ® on E with (E, ®)
stable, up to conjugation by automorphisms of E. Up to tensoring by a line bundle, we can assume
that £ = O @ O(m) with m > 0 (see Remark 2.6).

Proposition 3.2. Letd > 0 and0 < m < d. Let E = O®O(m). Whenm = 0, the dimension of the
space of Higgs fields ® € H°(P? EndE(d)) with (E,®) stable, up to conjugation by automorphisms
of E, is 2d*> +6d + 1. For m # 0, the dimension is 2d*> + 6d + +m(m — 3) + 2.

Remark 3.3. If we let m < 0 in the proposition, a similar computation gives the same dimension.
However, stability imposes |m| < d in this case.

Proof. We can represent ® globally as a 2 x 2 matrix

A B
- (¢ ),
where A € HY(O(d)), B € H*(O(d—m)), C € H(O(d+m)), and D € H°(O(d)). The stability of

the pair (E, ®) in this case requires m < d. Counting how many degrees of freedom ® has amounts
to adding the dimensions of H°(P?, O(i)) for i = d,d + m,d — m. This gives

> RO (P2, O(i)) = 2d* + 6d + m* + 4
i€{d—m,d,d+m}
degrees of freedom for ®. Subtracting by the action of the automorphism group of E = O®O(m)
counts Higgs fields up to conjugation. If ¥ is an automorphism of F, it can be written as

a b
(0 3)
with a,d € H(P?,0) = C, b € H°(P?2,0(—m)), and ¢ € H°(P?,O(m)). Also, conjugation of the
Higgs field @ is invariant up to scaling by a non-zero constant. l.e. if ¢ € C*, then

(cV)-®-(cV) ' =T- 0. ¢!
and conjugation by ¥ is unique up to a choice of an element in C*.

When m > 0, then b = 0 and there are two choices for a,d and Mﬂ choices for c¢. This

gives a total of 2 4 Mw degrees of freedom for a choice of ¥. So in order to compute all
degrees of freedom for Higgs fields up to conjugation, we must subtract 2d? 4+ 6d + m? + 4 by
1+ (mﬁ)zw giving the desired result.

Suppose now m = 0, we have a,b,c,d € H°(P2,O) = C. The correction needed to account for
conjugation of the Higgs field is 4 — 1 = 3. Thus the total number of Higgs fields for which the pair
(E, ®) is stable up to conjugation is 2d* + 6d + 4 — 3 = 2d? + 6d + 1 as required.

O

In deformation theory, one considers trace-free Higgs fields. Note that
HY(P? EndE(d)) = H°(P?, EndoE(d)) & H°(P?, O(d)),

where Endgy denotes trace-free endomorphisms. Thus to get the total number of trace-free Higgs
fields such that the pair (E,®) is stable, we must subtract h%(P?, O(d)) = (d + 1)(d + 2) to the
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dimensions computed in Proposition 3.2. In this case, these represent the dimension of the Zariski
tangent space to MXYX,CI at the point (E, ®). This yields

Corollary 3.4. Let d > 0 and 0 <m < d and let E = O ® O(m). The dimension of the Zariski
tangent space to M)'% 0.a 0t the point (E, ®) is 3d(d+3) whenm =0 and 3d(d+3)+ im(m—3)+1
when m > 0.

From now on, we assume that the Higgs field ® is trace-free.

3.2. Wild Vafa-Witten Pairs With ¢ = 1. Let (E, ®) be a rank-two wild Vafa-Witten bundle
with @ € H°(P?,EndgE(1)). In this case, det ® € H°(P? O(2)) and the spectral cover of ® is a
double cover f : Y — P2 branched along the conic p = det ®. By the spectral correspondence, if the
conic is smooth, then (F, ®) is stable, and there exists a line bundle L — Y such that E = f,L and
® is determined by the multiplication map induced by the tautological section on Tot(L). Since
f is a double cover of P? branched along a smooth conic, Schwarzenberger’s classification implies
that Y = P! x P! [25]. The push-forwards of line bundles on P* x P! are explicitly known; they
coincide with the bundles Ef ; introduced in Section 2. In this section, we compute the dimensions
hi(P?, EndoEf ,(d)) for i > 0 and d > 0, which are necessary for the deformation theory of pairs
(Ef 4, ®) (see Section 4). The case where s = 0 and r > 3 is treated in [22, Proposition 6.1 and
Corollary 6.3] and [20, Corollary 5.4]; the proof for the remaining cases proceeds analogously and
is included here for completeness.

Proposition 3.5. Let d > 0 and assume without loss of generality that s > r. The dimension of
the zeroth cohomology group for EndoEf ((d) is given by

1
h°(P?, EndEf ,(d)) = 5d(d + 1)+ 8sal2—s+7r+d)(2—71+s+d),
where 0rs.q =1 if d > s —r —1 and zero otherwise.

Proof. Let d > 0 and notice that

H°(P*,EndE? (d)) = H(P*, Ef, ® (EX,)* ® O(d))

O(P' x P',O(r,s) @ f*((EL,)* ® O(d)))
O(P' x P, f*(EL,)* ®(9(r, 5) ® O(d, d))
OB x P, f*(EL ) (r+d, s +d))

using the projection formula with f : P' x P! — P? and the fact that Ef = f.O(r,s) and
f*O(d) = O(d,d). So we compute the dimension of the group

HO(P' < P, f*(ER )" (r +d.s + d))

H
H
H

as it is easier to compute cohomology on P!. The map [*EL, — O(r, s) is surjective. i.e. it has a
kernel, so there is the short exact sequence

0= K— f'El,— O(r,s) =0

where K is the kernel. Since K is a line bundle on P! x P! it takes the form K = O(a,b) for some
a,b € Z. Then, det(f*Ef,) = K@ O(r,s) = O(a+r,b+ s). Since

det(f*Eﬁ,s) = O(Cl(Eve,s)v Cl(Ef,s)) = O(T +s—1,r+s— 1)7
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this implies a = s — 1 and b = r — 1. So, one obtains the short exact sequence

0—=0(s—1,r=1)—= f*El, = O(r,s) = 0.
Taking the dual sequence and tensoring by O(r + d, s + d) gives

0—0(d,d) = f(EL) (r+ds+d) - O1—-s+r+d1—r+s+d) —0.
This induces the long exact sequence of cohomologies

0— H°(O(d,d)) = HO(f*(EL )" (r+d,s+d)) = H(O(1—s+r+d1—r+s+d) —
— HY(O(d,d)) = -+ .
But H'(O(d,d)) = 0 on P! x P!, so it becomes the short exact sequence

0— H°(O(d,d)) — Ho(f*(Ef)s)*(r—i—d,s—Fd)) — H (O —s+r+d1—7r+s+d)) —0.

From this,

RO(f(EL ) (r+d,s+d)) = h%(O(d,d)) + h°(O(1 — s+ 7 +d,1—r+s+d))
=(d+1)*+05a2—s+r+d)(2—r+s+d),

where d,5 4 =11if d > s —r — 1 and zero otherwise. Subtracting by the trace gives

h(P?,EndoE? ,(d)) = %d(dJr D+ 6s5a2—s+r+d)(2—r+s+d).

Using these calculations, we may determine which of the Ef ; are stable. EY  is simple if
h°(P?, EndoEf,) = 0,
and rank-two bundles on P? are simple if and only if they are stable. Thus, by setting d = 0 in the
above proposition, we get
hO(P?, EndoEL,) = (2—s+1)2—r+35)

for s <r+41and h°(P?, EndoEf,) = 1 for s > r+1. So, Ef is simple and hence stable if and only
ifs>r+2.

Proposition 3.6. Let d > 0, r € Z and assume without loss of generality that s > r. Then
HQ(IP’Q,EndOEﬂs(d)) =0.

Proof. Use Serre duality on H*(P?, EndoE? (d))* to get

H*(P?,EndoE?(d))* = H(P?, End E ,(—d — 3)) = H°(P?,EndoE? (d))

where d := —d — 3 < 0. Plugging in the cases s = r,r + 1,7+ 2 and s = r + k for k£ > 2 yields
hO(PQ,EndOEﬂS(d)) =0. ]

In the remainder, we suppress P2 from the cohomology groups to simplify notation.

Proposition 3.7. Let d > 0. Fors =7, s=r+1, or s =r+2 we have h'(EndoEf (d)) = 0.
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Proof. Let d > 0. By Hirzeburch-Riemann-Roch,

W (EndoEY ((d)) = h°(Endo EZ ((d)) + h*(Endo Ef ,(d)) — deg(ch(Endo 7 ,(d)) - td(P?))s.

We have
ch(Endo £l ) = 3+ (c1 (Ef,S)Q —deo(EY )

with c1(Bf,) = (r+s—1)- H and ¢o(E£,) = 5(r(r — 1) + s(s — 1)) - H?,

1
ch(O(d)) = 1+ dH + §d2H27
and 3
td(P?) =1+ SH+ H?.

Taking the product of the above and extracting the coefficient of H? yields

h' (EndoE? (d)) = h°(EndoE? (d)) + h*(Endo EX (d)) — (2d(d +3)—r* — s>+ 2rs+ 4) .

The result then follows from Propositions 3.5 and 3.6.

|
We end by considering the case s > r + 2.
Proposition 3.8. Let d > 0, r € Z and assume s =r + k for k > 2. Then the following hold:
i) hl(EndoEﬁs) = k% —4;
i1) hl(EndoEﬁs(l)) =k2-9;
ii) h*(EndoE? (d)) =0 for d > 1.
Proof. From Proposition 3.7, we have the equation
3
h'(EndoEY ., . (d)) = —§d(d +3)+ 12+ (r+k)? —2r(r + k) — 4+ h°(EndoEX, ., (d)).
Combined with Proposition 3.5, this yields the desired result. (Il

3.3. Wild Vafa-Witten Pairs With ¢ = 2. Let (E, ®) be a rank-two wild Vafa-Witten bundle
with ® € H°(P?,EndgE(2)). This time, det ® € H°(P?, O(4)) and the spectral cover of ® is a
double cover g : Y — P2 branched along the quartic p = det ®. Again, the spectral correspondence
tells us that if the quartic is smooth, then (E,®) is stable and there exists a line bundle L — Y
such that E = g.L and ® is given by the multiplication map on Tot(L). And since g is a double
cover of P2 branched along a smooth quartic, Schwarzenberger’s classification implies that Y is
the blow-up ]f”% of P? along seven distinct points in general position [25]. The push-forwards of
the line bundles L?% on P2 are the bundles Ep . introduced in Section 2. In this case, we are
not able to compute the dimensions h'(P?, EndoE} , (d)) for i > 0 and d > 0. In the case £ =
1, the calculation of h°(P?, EndoE? (d)) in Proposition 3.5 is greatly simplified by the fact that
R (Pt x P, O(d,d)) = 0, for all d > 0. For the £ = 2 case, an analogous simplification does not
occur because hl(I@%,L?’d’_d) = 7d, which is non-zero when d > 0. We can nonetheless determine
which of the bundles EJ ; are stable. Note that when EJ , is stable, then (E} , , ®) is a stable wild
Vafa-Witten pair for any d > 0 and any ® € H°(P?, EndoE} ; (d)).
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Proposition 3.9. Suppose p > —1 and t1,ts,...,t; € Z, then the bundles Eg’ti are stable if and
only if

th:8;)7p or 7;727, if c1 +2t; >0 for all i

Jj=1
or
7

Z[(cl +2t;)% + (e1 4+ 2t;)] = (=3c1 +2p + 1)(=3c1 +2p +2), if c1 +2t; <0 for some i,
j=1

where ¢; = 23:1 t; +3p — 2.

Proof. From the surjective map g*EZyti — LPti one obtains the following short exact sequence

0— K — g*Eg’ti s IPti s
where K is the kernel bundle, which we may write as K = L%% for some ¢, s1, S, -+ , 87 € Z. From
det(g*Eg’tJ = [Pt @ [O5 = [ptatitsi and

det(g*E}f’ti) =g" det(ngti) =g*0((t+3p—2)-H) = ]};;1
we get that LP+e=i+h = K" where Kp; is the canonical bundle of P2. The canonical bundle Kps
7
may be associated to the divisor —3M + Ny + --- + N7, and we may write Kﬁpg = L73! and so
f;; = L3¢~ Thus,
31— — [ptatitsi

which implies 3¢c; = p+ ¢ and —c; = t; + s; and so we have the short exact sequence
0— L3Pt o g*EP— LPY — 0.
Taking the dual sequence and then tensoring by LP'' @ Kﬁ;d yields
7

0— LSd,fd — Lp,ti ®g*((E£,t1)* ®O(d)) N L73cl+2p+3d,cl+2ti7¢i = 0.

Taking the long exact sequence in cohomology gives

0 — HO(EDg,Lgd’_d) N HO(EDg’Lp,ti ®g*((Eg,tl)*(d)>) N HO(]P)%?L—3cl+2p+3d,cl+2ti—d)
— HY(P2, L=y — ...
where using the properties from 2.12 iv) and v), hl(]@g,Lw’_d) = 7d and hO(Pg,Lw’_d) =
d*> +8d+1. So for d = 0:
h'(P?, EndE!, ) = h°(P3, LP" @ g*(Ef,)*) = 1 + hO (P2, L3 F2pertati)
and so the result follows from 2.12 iv) and the fact that
BO(B2, L @ g*(EL, )" © O(d))) = h° (P2, EndEZ,, (d)).
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3.4. Relationship Between ¢ = 1 and ¢ = 2. Let E — P2 be a rank-two holomorphic vector
bundle arising both as E = f,O(r, s) for a double cover f : P! x P* — P2 when £ =1, and as E =
g LP'ti for a double cover g : I@% — P2 when ¢ = 2, as described in Sections 3.2 and 3.3, respectively.
As noted at the end of Remark 2.12, such bundles exist. Since both coverings are smooth, the
spectral correspondence yields stable pairs in each case. When ¢ = 1, the correspondence produces
a Higgs field ® € HO(P?, EndgE(1)), and for £ = 2, it produces a Higgs field ® € H°(P?, EndoE(2)).
However, given any h € HY(P2, O(1)), we can construct the Higgs field ® ® h € H(P?, EndoE(2)),
and the pair (F, ® ® h) defines a stable wild Vafa-Witten bundle with d = 2 whose Higgs field is a
multiple of a Higgs field with d = 1. Therefore, when the underlying bundle F is a Schwarzenberger
bundle for both £ = 1 and ¢ = 2, Higgs fields with d = 2 can be obtained via the spectral
correspondence for £ = 1 after tensoring by an h € HY(IP?2, O(1)), or via the spectral correspondence
for £ = 2. In both cases, the wild Vafa-Witten pair is stable. However, in the first case, if
® ¢ H°(P?, EndgE(1)) and h € H°(P?,0(1)), the spectral cover of ® ® h is singular since its
branching curve is the zero locus of h?det ® and therefore reducible. Whereas, the Higgs fields
coming from the ¢ = 2 construction have smooth spectral covers.

3.5. Wild Vafa-Witten Bundles With ¢ > 3 or Singular Spectral Covers With ¢ > 1.
When ¢ > 3, consider a smooth double cover f : X — P? branched along a smooth curve p €
HO(P2,O(2¢)). Suppose (E,®) is a rank-two Vafa-Witten bundle with ® € H°(P? EndgE(¢)) and
det ® = p. Then the spectral correspondence states that E is obtained as the push-forward of some
line bundle L on X with ® induced from the multiplication of the tautological section of Tot(O(¢))
on L. From Schwarzenberger [25], when £ = 3, X is a non-singular K3 surface and when ¢ > 4, X
is a surface of general type.

Finally, consider a double cover f : X — P? branched along a singular curve p € H°(P?, O(2¢))
with £ > 1. In this case, X is singular. Can one still construct a stable rank-two wild Vafa-Witten
pair (E,®) with ® € H°(P?, EndgE(f)) such that det ® = p using a spectral type correspondence?
This can be done by adapting the techniques used to study Higgs bundles over Riemann surfaces
with singular spectral curves (see [7, 11, 1] and the references therein). This will be studied in
future work.

4. MODULI SPACE OF STABLE WILD VAFA-WITTEN BUNDLES

Let ¢1,c0 € Z and d € ZZ°. We denote MYW_ the moduli space of stable wild Vafa-Witten

c1,c2,d
pairs (E,®) on P? with ¢, (E) = ¢; - H,c2(E) = ¢ - H? and ® € H(P?, EndgFE(d)). In this section,
we consider moduli spaces with ¢; =+ s—1 and ¢ = 2(r(r — 1) + s(s — 1)). Moreover, by the
spectral correspondence, any stable pair (F,®) € M with smooth spectral cover and Chern

VW
c1,c2,1
classes

a(E)=(r+s—1)-H, c3(FE)= <;(r(r— 1)+ s(s— 1))) - H?

for some integers r,s € Z with s > r, is such that E = Ef _ for some p € H(P?, O(2)). Given that
the cohomology of Ef  is well understood, we get the following result by studying the deformation
theory of such pairs:

Theorem 4.1. Forr,s € Z with s > r, letc; =r+s—1 and co = 3(r(r — 1) + s(s — 1)). The

moduli space MXYXM 18 smooth with complex dimension

dime MYW 6.

c1,c2,1 7
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For d > 0, not every stable pair (£, ®) is such that ' = Ef, and little is known about the
cohomology of E when E # Ef .. We can nonetheless compute the dimension of the connected
components of MY, containing pairs (E? , ®).

7,87

Theorem 4.2. Letd >0 andr,s € Z withs >r. Letc; =r+s—1 and ¢y = 3(r(r—1)+s(s—1)).
If C is a connected component of le ta,d CONtaining pairs of the form (B, @), then

3

Remark 4.3. We are only considering the case when d > 0 in Theorem 4.2 as when d = 0, the
only traceless endomorphisms ® for which the pair (E,®) is stable is ® = 0 (see [16, Lemma 3.2]).

4.1. Hypercohomology Computations. To determine the smooth loci of the moduli space of
stable wild Vafa-Witten pairs whose underlying bundle is a Schwarzenberger bundle of type £ =1,
we consider the deformation theory of such pairs. By analyzing the associated spectral sequence
arising from the deformation complex of a stable wild Vafa-Witten pair with underlying bundle a
Schwarzenberger bundle Ef & of type ¢ = 1, we identify the first hypercohomology group of this
complex with the Zariski tangent space to the moduli space MV at the corresponding point. In
particular, the dimension of the first hypercohomoloy coincides Wlth the dimension of the Zariski
tangent space at a stable pair (Ef_, ®). Let d > 0, and fix a Higgs field ® € H°(EndoE? (d)).
Consider the complex:

0 — EndoEf, 5% EndoEf, AO(d) 5% EndoEL, A2 O(d) — -+ .

Since O(d) is a line bundle, the above complex reduces to

(4.1) 0 — EndoE?, 5" EndoEf,(d) — 0.

In particular, the condition ® A ® = 0 is automatically satisfied, so the operation
— A @ defines a differential on the complex of Cech cochains associated to EndoEf ; ® A*O(d).

Denoting this complex of cochains by C*(EndgEf ,A* O(d)), we obtain the standard Cech resolution

0 — CO(Endo B2, A®* O(d)) % CH(EndoEL, A* O(d)) % C*(EndoEL, A* O(d)) — -+,

where ¢ denotes the ordinary Cech coboundry operator. We regard this as the zeroth sheet of
the spectral sequence computing the hypercohomology of 4.1, and denote by

Ef’q — Hg(EHdOEﬁ,s AN O(d))

the first-sheet terms, where Hy indicates Cech cohomology with respect to 8. Since AYO(d) = 0
for ¢ > 2, we immediately obtain E?"? = 0 for all such g. Moreover, as we are working on a complex
surface, Hi (EndoEf ; A7 O(d)) = 0 for p > 2; hence E"? = 0 for p > 2. Consequently, the only
possible nontrivial terms on the Ej-page occur for 0 < p < 2 and 0 < g < 1. The second sheet of
the associated spectral sequence is obtained by taking cohomology with respect to the differential
— A ®@. Explicitly,

ker(Hg(Endo AP O(d) = * e J(EndoEf NPT O(d)))
im(HJ(EndoEf s AP O(d)) 57

EY?=H? (HI(AO( .
o (HJ (N O(d))) = AP H(Endo Ef AP O(d)))
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The terms E5“ thus encode the hypercohomology groups of the complex 4.1, and fit into the
exact sequence described in [22, Proposition 3.2]

(4.2) 0 BN S H - B B E2 12 EL 0.

The map dy : B2 — EET2971 s a differential operator such that d3 = 0, and understanding
this map is needed in order to decipher the first hypercohomology group. For Schwarzenberger
bundles, we have the following:

B! = ker (Hl(EndOEgs) AP Hl(EndoEf’S(d))) C H'(EndyE?,).

From Proposition 3.7, H'(EndoE? ) = 0 for s = r,r 4+ 1,7 + 2, and thus, (dg EY - E22’0) C
H'(EndoE?,) = 0 is the zero map. For s = r + k with k& > 2, tt is not clear that dy = 0 as

Hl(End()Ef7r+k) is non-zero. One can show however that d2 = 0 in this case as well (see Section
2.1 in [20]). This then implies that there is a splitting

0— Ey° - H - EY' -0,

and so one can compute the first hypercohomology group of the complex as H' = E21 O Eg 1 The
two groups are

B9 = ker (H' (EndoEY,,) — H' (EndyEY,(d))
and

H°(EndoEY (d))
im(HO(EndgEF s) — HO(EndoEf s(d)))
For s = r,r+ 1,7 +2, H'(EndoEf ,(d)) = 0 for all d > 0, and so EY" vanishes. Thus,

1,0 _
Ey” =

H°(EndoEY (d))

im(H°(EndgEY s) — HO(EndgEY s(d)))

for these values of s in which we can interpret as follows. The vector space H°(EndgE? ,(d))
parametrizes trace-free global Higgs fields on the Schwarzenberger bundles Ef ;. The bottom i)mage
corresponds to the infinitesimal action of the automorphism group Aut(£7 ) on these Higgs field via
conjugation. Equivalently, the first hypercohomology group H! of the deformation complex classifies
infinitesimal deformations of stable pairs (Ef , ®), or trace-free Higgs fields modulo conjugation by
Aut(E? ). When the obstruction group H? vanishes, the Zariski tangent space at a point (Ef , ®)
is identified with the quotient of H°(EndgE? ,(d)) by this conjugation action.

We compute the dimension of this space in the cases s = r,s=r4+1,or s =1+ 2 first then
deal with the case s = r + k with k£ > 2 last. When s = r + k for k > 2, the group Eg’l is non-zero
and the first Hypercohomology group is H! = E21 0 Eg 1 The following known lemma is useful
for these computations:

Hl

1

Lemma 4.4. Let V be a rank-two holomorphic vector bundle on P2. For any stable (V,®) with
® € H(EndV (d)), the subspace of H*(EndV') consisting of endomorphisms that commute with ®
is generated by Idy .

See, for example, the proof of [18, Proposition 7.1] for a proof. We treat each case separately.
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4.2. Proofs of Theorems 4.1 and 4.2.

s =r,r + 1. Here,

dimH' = h°(EndoE?,.(d)) — dim (im(H°(EndoE?,.) — H°(EndoE?,.(d))))
and

1 1
h(EndoEZ,.(d)) = 5c12 +od+d+dd+ d? = gd(d+ 3) + 4.

For the image, we use Lemma 4.4, which states that the dimension of the kernel of the map
H°(EndoE?,.) Ay H°(EndoE?,.(d)) is one-dimensional, and so

dimim((H(EndoE?,) — H(EndE?,(d))) = h°(EndoEF,) —1=5—1=4.
Thus, the dimension of the first hypercohomology group H! of the spectral sequence when s = r
is
. 13
dimH" = id(d +3).
Now, for s =r + 1,

dimH" = h°(EndoEL, ,,(d)) — dim (im(H°(EndoEL, ) — H°(EndoEZ, . ,(d))))

and

hY(EndoEf, . (d)) = gd(d +3) + 3.

The kernel of H(EndoE?,.,,) = H°(EndoE?,  (d)) is one dimensional via Lemma 4.4, and as a
result

dim (im(H°(EndoE., ;) = H°(EndoEf,, ,(d)))) = h°(EndoEf, ) —1=4—-1=3.
The dimension of the first hypercohomology group of the spectral sequence when s = r + 1 is
dimH' = %d(d +3).
Now these represent the dimension of the Zariski tangent space T{ Eﬁ,s#I’)MXl\,Aclz, 4 at the point
(EF,,®) for s = r or s = r + 1 given that the obstruction group H? vanishes. From the exact

r,s?
sequence 4.2 and the fact that do = 0, we have the short exact sequence

0— E° - H2 = Ey' =0,

which states H2 = E3° @ Ey'. However, E5° vanishes because A20(d) = 0. Also,

H' (Endy E2(d))
im(H' (EndoB2,) "3 H'(EndoEf,(d)))’

but Hl(EndoEf’S(d)) =0for s=rors=r+1 Thus E’Ql’1 = 0 and so the obstruction vanishes.
This shows that the points (Ef,,®) in MYW _ for s = r or s = r + 1 are smooth points with

r,8) c1,c2,d

expected dimension 2d(d + 3).

1,1
By =
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s =1+ 2. In this case, the computations are simplified since for s > 7 + 2 the bundles E  are
simple and so automatically stable. Thus,

H = g0 — HO(EndOEf,s(d))
2 im(HO9(EndoEf) — HO(EndoEf < (d)))
Now from Proposition 3.5

= H%(EndoEf ,(d)).

3
hY(EndoEL . 5(d)) = 5d(d +3),

and so dimH' = 2d(d+3). In this case, H? also vanishes since H'(EndoE., ,,(d)) = 0. Thus in
MXIYZ%d the point (Ef 40, @) is smooth with the expected dimension of the Zariski tangent space

being %d(d + 3). To obtain the result in Theorem 4.1 for the case s =r,r + 1,7 +2,set d =1 in
3
sd(d+3).

s=r+k for k> 2. For s > r + 2, there is still a splitting of 4.2 since ds = 0 and as such, the
first and second hypercohomology groups are

H' = H°(EndoE?, , () ® ker (Hl(EndoEfyr ) " HY(EndyE?, +,@(d)))
and
. H (Endo B, . (d)

im(H'(EndoE?, ) 2" H\(EndoE?, ,,(d)))’

Respectively. From Proposition 3.8 we can see that for d > 1, the obstruction H? vanishes and

(Ef’ itk ®) is a smooth point with expected dimension
. 3
dimH" = h°(EndoEY, . (d)) + h' (EndoEL, ) = Fdd+3)+4- k> 4+ k% —4
3
= =d(d+ 3).
Sd(d+3)
If d = 1, Proposition 3.8 states that hl(EndoEfﬂ_k(l)) = k2 — 9, so it is not trivially true that
H? = 0 as the other cases. To show that the obstruction H? vanishes, we use the following lemma
—A®

from [22, Lemma 2.2] to compute the image of H'(EndoE?,) = H'(EndoE? (1));

Lemma 4.5. Let X be a smooth complex manifold. Let (E,®) be a reqular Higgs bundles and L a
line bundle both on X with ® € HY(X,EndoFE ® L). Then, we have a short exvact sequence

0 L* 3 EndgE 2% Q — 0,
where @ is the sheaf theoretic image of — AN ® in EndoF ® L. If one views ® as an element of
IP'(Hom(EndoE ® L, L ® L)), then if for some ¢ € C we have ®* = ¢®, then ker ® = Q
Proof. This is Lemma 2.2 in [22] O

In the lemma, a regular Higgs bundles means that the spectral cover of ® is smooth, and ®* is
defined as the dual element of ® in the vector space I'(Hom(E*, E* ® L)). We use the lemma for
® € H°(EndoE? (1)) with s = r 4 k for k > 2 to show that H? is still zero in this case. From the
lemma, we have the short exact sequence;
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(4.3) 0—0(-1 )—>End0 ok ¢Q—>O.
Since ® and ®* can be both viewed as living inside HO(EndOEfH_k( )), combined with the fact

that h°(EndoE’ 7+k(1)) = 1, we have that ®* = ¢®. From the lemma, this implies that we can
view ) = ker @ which gives us the following short exact sequence;

(4.4) 0 Q — EndoE’, (1) 5 0(2) -0

The long exact sequence in cohomology of 4.3 tells us that H°(Q) = 0 and H'(EndoE}, ;) =
H'(Q). Combining this with the long exact sequence in cohomology from 4.4, we arrive at the
following short exact sequence;

) A% HY(EndyE”

0 — H°(EndoE” rortk

rr—',—k( )) - HO(O(2)) — Hl(EndOEp

r,r+k ( ))_>O

This shows that the mapping — A ® : H'(EndoE}, ;) — H'(EndoE}, (1)) is surjective. With
this, going back and recalling that
H (EndOEr r+k(1))

im(H'(EndoE;. P k) EAY H'(Endo £y " k(1)

which vanishes from the above, showing that for d = 1, the point (EfTJr,€7 ®) with k& > 2 is a smooth

point in the moduli space with expected dimension dimH'. Recall that in this case

H? =

—A®
H' = H°(End, B}, (1) @ ker (H (EndoE?, ) = A® H'(End, 'rr—f—k(]‘)))’

which for k = 3, h*(EndoEY,., 5(1)) = 0 and so dimH' = A°(End, E, (0 ))+5:6
When k > 3, using the fact that the mapping — A ® : H'(EndoE” k) = H'(EndoE? p(1) 18
surjective

dimker (H'(EndoEY, ,,,) 5" H'(EndoEY, ,,,(d)) = b (Endo BY,,.,,)) — b (Bndo B2, (1)) = 5.

Thus, for d = 1, with s = r + k with £ > 3, the point (EMM,(I)) is smooth with expected

dimension dim H* —hO(Endo E, (1) +5=1+5=6. O

5. FIXED POINTS

Let ¢y, ¢ € Z and d € ZZ°. We denote MVW .q the moduli space of stable wild Vafa-Witten pairs
(E,®) on P? with ¢;(E) = ¢; - H co(E) =co- H2 and ® € HY(P?, EndgE(d)). The multiplicative
group C* acts naturally on MYW_ . by scaling the Higgs field, that is,

c1,c2,d

PP, ceC”.

The fixed point locus of this action is compact, and, following Tanaka and Thomas [26], one
can define a numerical invariant on ./\/lC1 e,.4 DY applying virtual localization in the sense of [12].
This invariant is realized as a virtual Euler class integrated over the C*-fixed locus, and may
be interpreted heuristically as a virtual count of stable pairs in the moduli space. In particular,
the global geometry of ./\/lCl e,.a can be studied through the structure of these fixed loci. The
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resulting theory extends the Donaldson-Thomas invariants of [9] to the setting of wild Vafa-Witten
pairs, in which the Higgs field takes values in O(d) for d > 0. The computation of the Tanaka-

Thomas invariants of MXVZQ 4 Will be done in a future work; for now, we describe its C*-fixed locus.

Concretely, let E be a rank-two torsion-free sheaf on P2, and let ® € H°(EndgE(d)) for some d > 0.
Suppose (E,®) is a C*-fixed point. Then, by Theorem 2.14, we may decompose

0 0
E=F & E,, (I):<¢ 0),

where ¢ : 1 — Es(d) is a non-zero morphism. Since each E; is a rank-one torsion-free sheaf,
we may write E; = Iz, ® O(m;), for some m; € Z, where Iz, denotes the ideal sheaf of a zero-
dimensional subscheme Z; C P? for i = 1,2. The nontriviality of ¢ requires that Zo C Z; as
subschemes of P2. Without loss of generality, we may assume m; > msy. Stability then imposes the
relation mg = my — j for 0 < j < d. Accordingly, we can rewrite the bundle as

E=0(m1) ® (Iz,  12,(-j))
and the Higgs field ¢ € H°(Hom(Iz,,1z,) ® O(d — j)). Let

denote the total length of the subschemes. A direct computation yields the Chern classes

Cl(E) = 2m1 —j, CQ(E) = ml(ml —j) “+n.
The following proposition, which follows from [26, Lemma 8.3], provides a classification of all
possible fixed points of the C*-action. In what follows, we set m; = m for notational simplicity.

Proposition 5.1. Let d > 0, 0 < j < d, and m > 0. The fized points of the C*-action in the
moduli space of stable wild Vafa- Witten pairs on P? are of the form

B = 0m) o 1z, Iz, o=, 0, ()
where v : Iz, < Iz, is the inclusion and s € H°(O(d — 7)).
Proof. We already demonstrated how we can write our bundle as
E=0(m)® (I, ©1z,(=j))-

We show that we can think of ¢ € H*(Hom(Iz,,Iz,) ® O(d—j)) globally as t®@ s for ¢ : Iz, — I,
the inclusion and s € H°(O(d — 7)). Consider the short exact sequence for the ideal Iz,,

0—>1z, >0 —0/Iz —0.
Applying the functor Hom(Iz,,-) gives

0 — Hom(Iz,,Iz,) = Hom(Iz,,0) - Q — 0
where @ is the quotient sheaf. Tensoring by O(d — j), which preserves exactness, we arrive at

0 — Hom(Iz,,1z,) ® O(d — j) — Hom(Iz,,0) ® O(d — j) = Q ® O(d — j) — 0.
From the long exact sequence in cohomology we arrive at the fact that
h?(Hom(Iz,,Iz,) ® O(d - j)) < h°(Hom(Iz,, 0) ® O(d - j)),
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in which we know that h®(Hom(Iz,,0) @ O(d — j)) = h°(O(d — j)). Since Zs C Z; we know
that Hom(Iz,,Iz,) contains at least one global element, namely the inclusion ¢ : Iz, < Iz,. In
particular, given s € H°(O(d — 7)), the product « ® s € H*(Hom(Iz,,1z,) ® O(d — j)). Since we
have an h°(O(d — j)) worth of s to pick from and that

h®(Hom(Iz,,Iz,) ® O(d — j)) < h°(O(d - j)),
we must have that all elements of H(Hom(Iz,,Iz,) ® O(d — j)) are of the form ¢ ® s for some
s € H(O(d — 7)).
(]

We illustrate this with a few examples based on the total number of points in the subschemes.

Example 5.1. n = 0: When #|Z;1| + #|Z2] = 0, we are in the situation where Z; = Zy = @&
are both empty as sets. This forces E = O(m) ® O(m — j) and ¢ : O(m) — O(m — j +d) or
¢ € H(O(d - j)).

Example 5.2. n = 1: When #|Z;| + #|Z2| = 1, since we have Zy C Z;, we are in the situation
where Z; = {p} and Z; = @. In this case, the bundle is

E=0(m)® (I, ®0(—j))
where I, is the ideal sheaf supported at a point p € P2. The Higgs field is ¢ € Hom(I,(m), O(m —

j + d)) which we can interpreted as ¢ = ¢;, ® s where s € HY(O(d — j)) and ¢ : I, < O is the
inclusion.

Example 5.3. n = 2: When #|Z1| + #|Z2| = 2 we have two cases. Either Z; = {p1,p2} and
Zy =@ or Z1 = Zs = {p}. In the former, the bundle is

E=0(m)® (Iz, ® O(—j))
and the Higgs field is ¢ € Hom(Iz, (m), O(m — j +d)) which can be interpreted as ¢ = ¢7, ®s with
s € H°(O(d — j)) where 1z, : Z; = O is the inclusion. In the latter case when Z; = Zy = {p}, the
bundle is

E=0(m)® (I, @ I,(-j))
Again, I, is the ideal sheaf supported on a point p € P2. The Higgs field is a section

¢ € Hom(I,(m), I(m — j + d))
which can be interpreted as ¢ = Id;, ® s with s € H°(O(d — j)) (here ¢ : I;, — I, is the identity).

When trying to compute the Tanaka-Thomas invariants for the moduli space of stable wild pairs
on P2, it’s better to compute the fixed points by first fixing a Chern class, usually the second Chern
class. We demonstrate by showing two examples by computing fixed points for low Chern classes.

Example 5.4. When c3(E) < 0, we have that m(m — j) + £ < 0 or £ < —m(m — j). Since £ > 0,
we must have m(m —j) < 0. So either m =0orm =j with{ =0or { = —m(m—j) for 0 < m < j.
In the former, E = O & O(—j) for m =0 or E = O(j) @ O for m = j (the two are equivalent up
to tensoring by the line bundle O(£j)).

Remark 5.2. When looking to compute the Tanaka-Thomas invariants for co(E) < 0, when d =1
the component of the C*-fized locus is empty. Since there are no stable pairs with ¢ # 0 and
ca(FE) < 0. Also, for ¢ =0, there are no stable bundles with co(E) < 0. However, when we increase
d, say d = 2, there will be contributions when ¢ # 0. In general, for co(E) < 0 and d > 2, the fized
locus will be non-empty.
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Example 5.5. When ¢y (E) = 1, we have that m(m —j)+£¢=1or 1 —m(m —j) = £. Since £ > 0,
this implies m(m — j) < 1. Again, we could have m = 0 or m = j in which ¢ = 1 in both cases. We
already examined the case when ¢ = 1, this corresponds to when E = O(m) ® (I, ® O(—j)) with
p € P? a point. For m = 0 we have E = I, ® O(—j) and for m = j we have E = I,(j) & O (again
these are equivalent up to tensoring by a line bundle). For m # 0,5 we would require 0 < m < j
in which £ =1 — m(m — j) and one can compute what form the bundle F would take for specific
values of d, j and m.

[25]
[26]

27]

REFERENCES

ANDERSON, L. B., ESOLE, M., FREDRICKSON, L., AND SCHAPOSNIK, L. P. Singular geometry and Higgs bundles
in string theory. SIGMA Symmetry Integrability Geom. Methods Appl. 14 (2018), Paper No. 037, 27.
ANDERSON, L. B., HECKMAN, J. J., KATZ, S., AND SCHAPOSNIK, L. P. T-branes at the limits of geometry. J.
High Energy Phys., 10 (2017), 058, front matter+55.

BANERJEE, K., AND RAYAN, S. A generalized spectral correspondence. arXiw:2310.02418 (math.AG) (2023).
BEHREND, K., AND FANTECHI, B. The intrinsic normal cone. Invent. Math. 128, 1 (1997), 45-88.

BoTTACIN, F. Symplectic geometry on moduli spaces of stable pairs. Ann. Sci. Ecole Norm. Sup. (4) 28, 4
(1995), 391-433.

BOULTER, E., AND MORARU, R. (Co)-Higgs bundles on non-Ké&hler elliptic surfaces. Res. Math. Sci. 12,1 (2025),
Paper No. 12, 35.

BrabpLOw, S., BRANCO, L., AND SCHAPOSNIK, L. P. Orthogonal Higgs bundles with singular spectral curves.
Comm. Anal. Geom. 28, 8 (2020), 1895-1931.

CHEN, X. On Vafa-Witten equations over Kahler manifolds. J. Reine Angew. Math. 814 (2024), 135-163.
DonaALDSON, S. K., AND THOMAS, R. P. Gauge theory in higher dimensions. In The geometric universe (Ozford,
1996). Oxford Univ. Press, Oxford, 1998, pp. 31-47.

FRIEDMAN, R. Algebraic surfaces and holomorphic vector bundles. Universitext. Springer-Verlag, New York,
1998.

GOTHEN, P. B., AND OLIVEIRA, A. G. The singular fiber of the Hitchin map. Int. Math. Res. Not. IMRN, 5
(2013), 1079-1121.

GRABER, T., AND PANDHARIPANDE, R. Localization of virtual classes. Invent. Math. 185, 2 (1999), 487-518.
HircHIN, N. Stable bundles and integrable systems. Duke Math. J. 54, 1 (1987), 91-114.

HitcHIN, N. J. The self-duality equations on a Riemann surface. Proc. London Math. Soc. (3) 55, 1 (1987),
59-126.

LAARAKKER, T. Monopole contributions to refined Vafa-Witten invariants. Geom. Topol. 24, 6 (2020), 2781—
2828.

MARCHESANO, F., MORARU, R., AND SAVELLI, R. A vanishing theorem for T-branes. J. High Energy Phys., 11
(2020), 002, 31.

MARKMAN, E. Spectral curves and integrable systems. Compositio Math. 93, 3 (1994), 255—290.

NITSURE, N. Moduli space of semistable pairs on a curve. Proc. London Math. Soc. (3) 62, 2 (1991), 275-300.
OT1TAVIANI, G. M. Some properties of 2-bundles on P2. Boll. Un. Mat. Ital. D (6) 3, 1 (1984), 5-18.

RAYAN, S. Geometry of co-Higgs bundles. D.Phil. thesis, Oxford, 2011.

RAYAN, S. Co-Higgs bundles on P1. New York J. Math. 19 (2013), 925-945.

RAYAN, S. Constructing co-Higgs bundles on CP2. Q. J. Math. 65, 4 (2014), 1437-1460.

RAYAN, S. Aspects of the topology and combinatorics of Higgs bundle moduli spaces. SIGMA Symmetry Inte-
grability Geom. Methods Appl. 14 (2018), Paper No. 129, 18.

SCHAPOSNIK, L. P. An introduction to spectral data for Higgs bundles. In The geometry, topology and physics
of moduli spaces of Higgs bundles, vol. 36 of Lect. Notes Ser. Inst. Math. Sci. Natl. Univ. Singap. World Sci.
Publ., Hackensack, NJ, 2018, pp. 65-101.

SCHWARZENBERGER, R. L. E. Vector bundles on the projective plane. Proc. London Math. Soc. (8) 11 (1961),
623-640.

TANAKA, Y., AND THOMAS, R. P. Vafa-Witten invariants for projective surfaces I: stable case. J. Algebraic
Geom. 29, 4 (2020), 603-668.

Vara, C., AND WITTEN, E. A strong coupling test of S-duality. Nuclear Phys. B 431, 1-2 (1994), 3-77.



22 ROBERT J. CORNEA

DEPARTMENT OF PURE MATHEMATICS, UNIVERSITY OF WATERLOO, 200 UNIVERSITY AVE W, WATERLOO, ON N2L
3G1, CANADA
Email address: rcornea@uwaterloo.ca



	1. Introduction
	2. Preliminaries
	Definitions.
	The spectral correspondence.
	Double covers of P2.
	C*-locus.
	Notation.

	3. Stable Wild Vafa-Witten Bundles
	3.1. Split Case
	3.2. Wild Vafa-Witten Pairs With =1
	3.3. Wild Vafa-Witten Pairs With =2
	3.4. Relationship Between l=1 and l=2
	3.5. Wild Vafa-Witten Bundles With 3 or Singular Spectral Covers With 1

	4. Moduli Space of Stable wild Vafa-Witten Bundles
	4.1. Hypercohomology Computations
	4.2. Proofs of Theorems 4.1 and 4.2
	s=r,r+1
	s=r+2
	s=r+k  for  k>2

	5. Fixed Points
	References

