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Abstract. This work explores the geometry of stable wild Vafa-Witten bundles over the complex
projective plane P2. Specifically, we consider stable rank-two pairs (E,Φ), with E → P2 a rank-

two holomorphic vector bundle and Φ ∈ H0(P2,End0E ⊗ O(d)) for d ≥ 0, and compute the
dimension of the moduli space of such stable pairs. Moreover, we classify stable pairs (E,Φ)

when the underlying rank-two bundle E splits or is the push-forward of a line bundle on P1 ×P1.

Lastly, we examine the fixed point locus of the natural C∗-action on the moduli space.

1. Introduction

In this paper, we study rank-two stable wild Vafa-Witten bundles on P2. Wild Vafa-Witten
bundles on a Kähler surface X are pairs (E,Φ) consisting of a holomorphic vector bundle E on X
and a holomorphic bundle map Φ : E → E ⊗ L, called a Higgs field, for some fixed holomorphic
line bundle L → X. When L = KX , the canonical bundle of X, these pairs are simply called Vafa-
Witten bundles and were introduced by Vafa and Witten while studying the S-duality conjecture
for N = 4 supersymmetric Yang-Mills theory [27]. Such objects extend the notion of Higgs bundles
on Riemann surfaces to Kähler surfaces, the wild pairs corresponding to the generalized Higgs
bundles studied by Bottacin [5] and Markman [17]. The terminology wild originated in [2] where
the authors considered L = KX(D) for some effective divisor D on a Riemann surface X, allowing
the Higgs field to have poles at the points of D, thus resulting in “wild” behaviour.

On the complex projective plane P2, non-trivial stable Vafa-Witten bundles do not exist; to be
precise, when L = KX and (E,Φ) is stable, one can show that Φ = 0 [16]. Nonetheless, non-trivial
stable wild Vafa-Witten bundles do exist on P2 when L = O(d) for d ≥ 0 [6]. We analyze rank-two
stable pairs (E,Φ) with trace-free Higgs field Φ : E → E⊗O(d), d > 0, and determine the dimension
of certain components of the moduli space of stable wild Vafa-Witten pairs. Our approach parallels
Rayan’s study of co-Higgs bundles on P1 [21] and P2 [22].

We begin by analyzing stable wild Vafa-Witten pairs (E,Φ) in the case where E splits as a
direct sum of two line bundles and Φ : E → E ⊗ O(d), d > 0. And for a fixed split bundle E, we
compute the dimension of the space of Higgs fields on E modulo conjugation; this corresponds to
the dimension of the Zariski tangent space to the moduli space at the point (E,Φ). Schwarzenberger
proved that any rank-two holomorphic vector bundle E → P2 arises as the push-forward of a line
bundle on a double cover f : Y ℓ → P2 branched over a curve of degree 2ℓ [25]; these are known as
Schwarzenberger bundles of type ℓ. We consider Schwarzenberger bundles of type ℓ = 1 and ℓ = 2.
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For fixed c1, c2 ∈ Z and d ∈ Z>0, we denote MVW
c1,c2,d

the moduli space of rank-two stable wild

Vafa-Witten bundles (E,Φ) on P2 with c1(E) = c1H, c2(E) = c2H
2, and Φ ∈ H0(P2,End0E ⊗

O(d)). Note that if c1 = r + s − 1 and c2 = 1
2 (r(r − 1) + s(s − 1)) for some s, r ∈ Z with s ≥ r,

then MVW
c1,c2,d

contains stable pairs (E,Φ) where E is a Schwarzenberger bundle of type ℓ = 1. We
consider moduli spaces with such Chern classes for d ≥ 1.

When d = 1, we give a complete classification of stable wild Vafa-Witten bundles. Moreover, we
have the following:

Theorem 1.1. For r, s ∈ Z with s ≥ r, let c1 = r + s − 1 and c2 = 1
2 (r(r − 1) + s(s − 1)). The

moduli space MVW
c1,c2,1 is smooth of complex dimension 6.

When d > 1, we consider connected components of MVW
c1,c2,d

containing pairs (E,Φ) where E is
a Schwarzenberger bundle of type ℓ = 1. We prove the following:

Theorem 1.2. Let d > 1 and r, s ∈ Z with s ≥ r. Let c1 = r+s−1 and c2 = 1
2 (r(r−1)+s(s−1)),

and let C be a connected component of MVW
c1,c2,d

containing stable pairs whose underlying bundle is

a Schwarzenberger bundle of type ℓ = 1. The complex dimension of C is then 3
2d(d+ 3).

The moduli space of Higgs bundles over Riemann surfaces admits a natural algebraic action of
C∗, induced by scaling the Higgs field. This action plays a central role in the computation of various
enumerative invariants via localization techniques. An analogous C∗-action is present on the moduli
space of wild Vafa-Witten pairs and can likewise be exploited to compute invariants. Among these
are the Tanaka-Thomas invariants, introduced by Tanaka and Thomas in [26], defined as integrals
of the virtual Euler class of the virtual normal bundle of the compact C∗-fixed locus of the moduli
space of stable wild Vafa-Witten bundles (see [27, 26, 15, 8], for a detailed discussion). We end the
paper by describing the C∗-fixed locus of the moduli space of stable wild Vafa-Witten bundles on P2,
following the analysis of Tanaka and Thomas; the computation of the Tanaka-Thomas invariants
will appear in a future paper.

The paper is organized as follows. Section 2 contains the necessary background for this paper.
Section 3 is devoted to the study of stable wild Vafa-Witten bundles when the underlying bundle
is split or a Schwarzenberger bundle for ℓ = 1, 2. Section 4 contains the deformation theory of
stable wild Vafa-Witten bundles and a proof of Theorems 1.1 and 1.2. Lastly, Section 5 contains a
description of the C∗-fixed locus of stable wild Vafa-Witten bundles on P2.

2. Preliminaries

In this section, a brief overview of the basic objects and concepts needed in this paper are
presented.

Definitions. We begin by introducing some definitions.

Definition 2.1. Let X be a complex manifold with canonical bundle KX . A Vafa-Witten bundle is
a pair (E,Φ) where E → X is a holomorphic vector bundle and Φ : E → E ⊗KX is a holomorphic
bundle map called a Higgs field. Equivalently, Φ ∈ H0(X,EndE ⊗KX).

These pairs were first considered by Vafa and Witten [27] for X a Kähler complex surface. In
this paper, we consider the more general case where the canonical bundle KX is replaced by any
holomorphic line bundle L → X.
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Definition 2.2. Let X be a complex manifold and L → X be a fixed holomorphic line bundle.
A wild Vafa-Witten bundle is a pair (E,Φ) where E → X is a holomorphic vector bundle and Φ :
E → E⊗L is a holomorphic bundle map called a Higgs field. Equivalently, Φ ∈ H0(X,EndE⊗L).

This is a higher dimensional analogue of the generalized Higgs bundles considered by Bottacin
[5] and Markman [17] on Riemann surfaces. Physicists are particularly interested in the case
L = KX(D) for some effective divisor D on X (see for example [2]).

Example 2.1. On X = P2, holomorphic line bundles are of the form O(d) for some d ∈ Z. Thus,
a wild Vafa-Witten pair (E,Φ) is such that Φ ∈ H0(P2,EndE ⊗O(d)) for some d ∈ Z.

We are interested in moduli spaces of stable wild Vafa-Witten bundles. In order to define stability,
we need the notion of degree.

Definition 2.3. Let X be a complex projective manifold of dimension n and E → X be a rank r
holomorphic vector bundle and choose any ample line bundle H on X. We define the degree of E
to be

degH(E) := c1(E) ·Hn−1.

Example 2.2. On X = P2, n = 2 and so degH(E) = c1(E) ·H. We choose the ample line bundle
H = O(1) for the definition of the degree throughout the paper. For E → P2 a rank r holomorphic
vector bundle, c1(E) = c1(O(m)) for some m ∈ Z. Therefore,

degH(E) = c1(O(m)) · c1(O(1)) = m.

Definition 2.4. Let X be a complex projective manifold with fixed ample line bundle H. Let
(E,Φ) be a wild Vafa-Witten bundle over X with Φ ∈ H0(X,EndE⊗L) for some line bundle L on
X. We say that the pair (E,Φ) is stable (with respect to H) if for any non-zero proper subsheaf
F ⊂ E satisfying Φ(F ) ⊆ F ⊗ L, we have that

degH(F )

rank(F )
<

degH(E)

rank(E)
.(2.1)

We call the pair semi-stable if we allow for equality in the above inequality.

Remark 2.5. Since we are only dealing with rank-two bundles E over P2, it suffices to only check
the inequality (2.1) for sub-line bundles of E. See [10, p.87].

Example 2.3. On X = P2, with the ample line bundle H = O(1), let (E,Φ) be a rank-two wild
Vafa-Witten bundle over P2 with Φ ∈ H0(P2,EndE ⊗O(d)), d ≥ 0. Then, the pair (E,Φ) is stable
if for every sub-line bundle L ⊂ E satisfying Φ(L) ⊆ L⊗O(d), we have c1(L) <

1
2c1(E).

Remark 2.6. It is worth noting that from the definition of stability of a vector bundle that a vector
bundle E is stable if and only if there exists a line bundle L such that E ⊗ L is stable if and only
if for all line bundles L, E ⊗ L is stable.

Remark 2.7. In this paper, we use the terminology stable pairs interchangeably with stable wild
Vafa-Witten bundles.

When classifying stable wild Vafa-Witten bundles, one does so up to isomorphism.
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Definition 2.8. Let X be a complex projective manifold with fixed ample line bundle H. Given
two stable wild Vafa-Witten bundles (E1,Φ1) and (E2,Φ2), we say that (E1,Φ1) is isomorphic to
(E2,Φ2) if there exists an isomorphism of the underlying holomorphic bundles f : E1 → E2 such
that Φ1 = f−1 ◦ Φ2 ◦ f .

Remark 2.9. In the above, when E1 = E2, pairs (E,Φ1) and (E,Φ2) are isomorphic if there exists
an automorphism g : E → E such that Φ1 = g−1 ◦ Φ ◦ g. In this case, pairs are isomorphic when
the Higgs fields are equivalent up to conjugation by automorphisms of the bundle.

The spectral correspondence. There is a correspondence relating stable Higgs bundles over
Riemann surfaces to spectral covers called the spectral correspondence that was first developed
by Hitchin [13]. This also holds for stable pairs (E,Φ) on complex projective surfaces X with
Φ ∈ H0(X,EndE ⊗ L) for L a fixed line bundle on X. Let us briefly describe this correspondence.

Suppose X is a complex surface with L a fixed line bundle on X. Let E → X be a rank r
holomorphic vector bundle and Φ ∈ H0(X,EndE⊗L). Consider the pullback bundle π∗L → Tot(L)
over the total space of L. The characteristic polynomial of Φ over Tot(L) is

charη(Φ)(p, λ ) := ηr(p, λ ) + (ηr−1 ⊗ π∗ϕ)(p, λ ) + (ηr−2 ⊗ π∗ϕ2)(p, λ ) + · · ·+ π∗ϕr(p, λ ),(2.2)

where η : Tot(L) → π∗L is the tautological section of π∗L, defined by

η(p, λ ) := ((p, λ ), λ )) ∈ π∗L,

and

ϕi := (−1)iTr(∧iΦ) ∈ H0(X,L⊗i).

If Φ has distinct eigenvalues, then the zero locus of (2.2) defines a non-singular complex surface we
denote Y . The map π restricted to Y gives an r:1 cover Y → X with branching locus given by the
zeroes of (2.2). Given a line bundle M on Y , the push-forward π∗M is a rank r holomorphic vector
bundle on X. For open sets U ⊆ X, there is the mapping M |π−1(U) → M ⊗ π∗L|π−1(U) defined by
s 7→ s⊗ η. The push-forward of this map gives a mapping

π∗M |U → π∗M ⊗ L|U ,

where π∗M ⊗ L = π∗(M ⊗ π∗L) using the projection formula. This map is a Higgs field Φ for the
bundle π∗M and the pair (Φ, π∗M) is stable. This implies that if one wants to study rank-two
stable wild Vafa-Witten pairs (E,Φ) on P2, one needs to study double covers of P2. For a more
in depth presentation on the spectral correspondence, see [13, 5, 17, 23, 24, 3] and the references
therein.

Double covers of P2. The non-singular surfaces Y appearing as double covers Y → P2 in the
spectral correspondence were studied by Schwarzenberger [25] to construct rank-two holomorphic
vector bundles over P2. His result is:

Theorem 2.10 (Schwarzenberger). Let E → P2 be a rank-two holomorphic vector bundle. Then
there exists a non-singular surface Y , a line bundle L → Y , and a double cover f : Y → P2 such
that E = f∗L.
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Let f : Y ℓ → P2 be a double cover of the projective plane branched along a smooth curve
of positive degree 2ℓ. The geometry of Y ℓ depends on the value of ℓ. When ℓ = 1, one has
Y 1 ∼= P1 × P1; for ℓ = 2, Y 2 is a del Pezzo surface of degree two, equivalently the blow-up of P2 at
seven distinct points in general position; for ℓ = 3, Y 3 is a K3 surface; and for ℓ ≥ 4, the surfaces
Y ℓ are of general type [19]. For any line bundle L → Y ℓ, the push-forward f∗L defines a rank-two
vector bundle on P2. In what follows, we describe the rank-two vector bundles arising from Y 1 and
Y 2. The case ℓ = 3 is only partially understood, and, to the best of the author’s knowledge, no
results are available for ℓ ≥ 4.

Let ℓ = 1. In this case, the double cover f : P1 ×P1 → P2 is branched along a conic, i.e., a curve
of degree two. The vector bundles of rank-two on P2 obtained as push-forwards of line bundles on
P1 × P1 under f admit an explicit description. Let πi : P1 × P1 → P1 be the projection map onto
the i-th factor for i = 1, 2. Every line bundle on P1 × P1 is of the form

O(r, s) := π∗
1O(r)⊗ π∗

2O(s),

for r, s ∈ Z. For each such line bundle, we denote the associated rank-two bundle on P2 by

Er,s := f∗O(r, s).

Given any ρ ∈ H0(P2,O(2)), its zero locus determines a conic, and hence defines a double cover
fρ : P1 × P1 → P2 branched along this conic. To record the choice of branching curve, we write
Eρ

r,s := fρ,∗O(r, s) for the resulting bundle. The bundles Eρ
r,s are known as Schwarzenberger bundles

of type ℓ = 1, originally introduced by Schwarzenberger in [25]. Their basic properties are discussed
in [25, 22].

Remark 2.11 (Some Properties of the Bundles Eρ
r,s). The bundles Eρ

r,s have the following
properties:

i) Eρ
r,s

∼= Eρ
s,r. Because of this, without loss of generality, we will always assume s ≥ r in this

paper.
ii) Eρ

r,s
∼= Eρ

r′,s′ if and only if (r, s) = (r′, s′) or (r, s) = (s′, r′).

iii) c1(E
ρ
r,s) = (r + s − 1) · H, c2(E

ρ
r,s) = 1

2 (r(r − 1) + s(s − 1)) · H2 where H is the hyperplane

section on P2 (or, H = c1(O(1)) for O(1) on P2).
iv) Given two conics ρ, ρ′ ∈ H0(P2,O(2)) as branching curves for the map P1 × P1 → P2, then

Eρ′

r,s
∼= Eρ

r,s for s = r, r + 1, r + 2 and Eρ′

r,s ≇ Eρ
r,s for s = r + k with k > 2.

v) Eρ
r,r

∼= O(r)⊕O(r−1), Eρ
r,r+1

∼= O(r)⊕O(r), Eρ
r,r+2

∼= TP2⊗O(r−1), and these isomorphisms

are independent of the choice of branching curve ρ ∈ H0(P2,O(2)).

Let ℓ = 2. The double cover g : Y 2 → P2 is now branched over a curve of degree four; we denote
the double cover in this case by g to avoid confusion with the map f when ℓ = 1. Referring to
[25], the smooth surface Y 2 is the blow-up of P2 along seven distinct points p1, p2, . . . , p7 ∈ P2 in
general position (that is, no three points are collinear and no six lie on a conic). As such, we denote

Y 2 by P̃2
7. As for Schwarzenberger bundles of type ℓ = 1, we construct rank-two bundles on P2 by

taking push-forwards of line bundles on P̃2
7 to P2. Line bundles on P̃2

7 have the following description

[25]. Denote by N1, N2, · · · , N7 the exceptional divisors in P̃2
7 obtained by blowing up the points

p1, p2, . . . , p7, respectively. Let H be the hyperplane section on P2 and set M := g∗H. Any divisor
on P̃2

7 has the form pM +
∑7

i=1 tiNi with p, t1, t2, · · · , t7 ∈ Z. We denote
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Lp,ti := O

(
pM +

7∑
i=1

tiNi

)
for any p, t1, t2, . . . , t7 ∈ Z. Let gρ : P̃2

7 → P2 be the double cover determined by ρ ∈ H0(P2,O(4)),
which is branched along the quartic ρ = 0, and let

Eρ
p,ti := gρ,∗L

p,ti

be the corresponding rank-two bundle on P2. We call these bundles Schwarzenberger bundles of
type ℓ = 2. Their basic properties are discussed in [25].

Remark 2.12 (Some Properties of the Bundles Eρ
p,ti). Suppose p, t1, t2, . . . , t7 ∈ Z. Then the

bundles Eρ
p,ti have the following properties:

i) If Eρ
p,ti = Eρ

q,si then p = 3
∑

i si + 8q and ti = −si − 3q −
∑

j sj.

ii)

c1(E
ρ
p,ti) =

(
7∑

t=1

ti + 3p− 2

)
H.

iii)

c2(E
ρ
p,ti) =

4p2 − 3p+ (3p− 1)

7∑
j=1

tj +

7∑
j=1

t2j +
∑
i<j

titj

H2.

iv) For p ≥ −1,

h0(P2, Eρ
p,ti) =

{
1
2 (p+ 1)(p+ 2) if all ti ≥ 0

d(p, ti) some ti < 0
.

v) For p ≥ −1,

h1(P2, Eρ
p,ti) =

{
1
2

∑7
j=1 tj(tj − 1) if all ti ≥ 0

d(p, ti)− 1
2 (p+ 1)(p+ 2) + 1

2

∑7
j=1 tj(tj − 1) some ti < 0

where,

d(p, ti) =
1

2
(p+ 1)(p+ 2)− 1

2

7∑
j=1

tj(tj + 1)

is the dimension of the vector space of curves of degree p having multiplicity −ti at the points
pi for which ti < 0. If p < −1 in properties iv) and v), then one simply uses Serre duality on
hr(P2, Eρ

p,ti) for r = 1, 2. See [25, Proposition 13].

Note that certain rank-two holomorphic bundles over P2 are Schwarzenberger bundles of type
both ℓ = 1 and ℓ = 2. For example, Schwarzenberger gives a classification of non-homogeneous
rank-two bundles that are Schwarzenberger bundles of types both of ℓ = 1 and ℓ = 2. Recall
that a rank-two vector bundle over P2 is said to be homogeneous if it is of the form O(a) ⊕ O(b),
TP2 ⊗O(c), or T ∗P2 ⊗O(d) for some a, b, c, d ∈ Z. We have:
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Proposition 2.13. ([25, Proposition 11]) Let E be a non-homogeneous rank-two vector bundle on

P2. Suppose that E = Eρ
r,s for some r, s ∈ Z and ρ ∈ H0(P2,O(2)), and that E = Eρ′

p,ti for some

p, t1, t2, ..., t7 ∈ Z and ρ′ ∈ H0(P2,O(4)). Then, p ∈ {−7,−6, ...,−1}, r = p, s = p + 3, and∑7
i=1 ti = 4− p. In particular, E is stable.

C∗-locus. There is a natural C∗ group action on Higgs bundles over curves, used to study the
topology of the moduli space of stable Higgs bundles (see for example [14, 23]). This action also
exists in the case of wild Vafa-Witten bundles over P2. It is defined as follows: given a stable wild
Vafa-Witten bundle (E,Φ) and c ∈ C∗, we set c · (E,Φ) = (E, cΦ). The C∗-fixed points have the
following structure:

Theorem 2.14. Let d ≥ 0. Given a C∗-invariant stable wild Vafa-Witten bundle (E,Φ) with
Φ ∈ H0(P2,EndE⊗O(d)), the Higgs field Φ is nilpotent, i.e., Φn = 0 for some n ∈ N. Furthermore,
the bundle E decomposes as

E =
⊕
i,j

Ei,j ,

where Ei,j are sub-bundles of E and Φ : Ei,j → Ei−1,j+1(d).

For more details, see [26, Section 7.3] and [8, Proposition 2.15]. One can use virtual cycles in
the sense of Behrend-Fantechi [4] on the C∗-fixed locus to compute the Tanaka-Thomas invariants
of the moduli space [26].

Notation. We denote E(d) := E ⊗ O(d) throughout for any holomorphic vector bundle E on P2

and d ∈ Z.

3. Stable Wild Vafa-Witten Bundles

In this section, we consider rank-two stable wild Vafa-Witten bundles (E,Φ) with E a split
bundle or a Schwarzenberger bundle of type ℓ = 1 or ℓ = 2, and Φ ∈ H0(P2,EndE(d)), d ≥ 0.
When E = O(m1) ⊕ O(m2) with m1,m2 ∈ Z, by deformation theory, the Zariski tangent space
to the moduli space MVW

m1+m2,m1m2,d
at the point (E,Φ) corresponds to the space of trace-free

Higgs fields Φ′ ∈ H0(P2,End0E(d)) with (E,Φ′) stable, up to conjugation by automorphisms of
E (see Section 4); we compute the dimension of this space. When the underlying bundle is a
Schwarzenberger bundle of type ℓ = 1, we compute the dimensions hi(P2,End0E(d)), i > 0, which
appear in the deformation theory of wild Vafa-Witten pairs (see Section 4). Finally, we determine
which Schwarzenberger bundles of type ℓ = 2 are stable; for such bundles, the pair (E,Φ) is stable
for any Higgs field Φ.

3.1. Split Case. We first consider pairs (E,Φ) with E the sum of two line bundles and Φ ∈
H0(P2,EndE(d)), d ≥ 0. Let E = O(m1) ⊕O(m2) with m1,m2 ∈ Z. In this case, the Higgs field
may be express globally as

Φ =

(
A B
C D

)
with A ∈ H0(P2,O(d)), B ∈ H0(P2,O(m1 − m2 + d)), C ∈ H0(P2,O(m2 − m1 + d)), and D ∈
H0(P2,O(d)). As in [22, Proposition 5.1], stability imposes conditions on m1 and m2:

Proposition 3.1. Let d ≥ 0 and E = O(m1)⊕O(m2) with m1,m2 ∈ Z. Suppose that there exists
a Φ ∈ H0(P2,EndE(d)) for which the pair (E,Φ) is stable. Then |m1 −m2| ≤ d.
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Proof. Assume without loss of generality that m1 ≥ m2. If m1 −m2 > d, then C = 0 and O(m1)
becomes Φ-invariant and destabilizing, contradicting the stability of (E,Φ). □

For fixed E, let us now compute the dimension of the space of Higgs fields Φ on E with (E,Φ)
stable, up to conjugation by automorphisms of E. Up to tensoring by a line bundle, we can assume
that E = O ⊕O(m) with m ≥ 0 (see Remark 2.6).

Proposition 3.2. Let d ≥ 0 and 0 ≤ m ≤ d. Let E = O⊕O(m). When m = 0, the dimension of the
space of Higgs fields Φ ∈ H0(P2,EndE(d)) with (E,Φ) stable, up to conjugation by automorphisms
of E, is 2d2 + 6d+ 1. For m ̸= 0, the dimension is 2d2 + 6d+ 1

2m(m− 3) + 2.

Remark 3.3. If we let m ≤ 0 in the proposition, a similar computation gives the same dimension.
However, stability imposes |m| ≤ d in this case.

Proof. We can represent Φ globally as a 2× 2 matrix

Φ =

(
A B
C D

)
,

where A ∈ H0(O(d)), B ∈ H0(O(d−m)), C ∈ H0(O(d+m)), and D ∈ H0(O(d)). The stability of
the pair (E,Φ) in this case requires m ≤ d. Counting how many degrees of freedom Φ has amounts
to adding the dimensions of H0(P2,O(i)) for i = d, d+m, d−m. This gives∑

i∈{d−m,d,d+m}

h0(P2,O(i)) = 2d2 + 6d+m2 + 4

degrees of freedom for Φ. Subtracting by the action of the automorphism group of E = O⊕O(m)
counts Higgs fields up to conjugation. If Ψ is an automorphism of E, it can be written as

Ψ =

(
a b
c d

)
with a, d ∈ H0(P2,O) = C, b ∈ H0(P2,O(−m)), and c ∈ H0(P2,O(m)). Also, conjugation of the
Higgs field Φ is invariant up to scaling by a non-zero constant. I.e. if c ∈ C∗, then

(cΨ) · Φ · (cΨ)−1 = Ψ · Φ ·Ψ−1

and conjugation by Ψ is unique up to a choice of an element in C∗.

When m > 0, then b = 0 and there are two choices for a, d and (m+2)(m+1)
2 choices for c. This

gives a total of 2 + (m+2)(m+1)
2 degrees of freedom for a choice of Ψ. So in order to compute all

degrees of freedom for Higgs fields up to conjugation, we must subtract 2d2 + 6d + m2 + 4 by

1 + (m+2)(m+1)
2 giving the desired result.

Suppose now m = 0, we have a, b, c, d ∈ H0(P2,O) = C. The correction needed to account for
conjugation of the Higgs field is 4− 1 = 3. Thus the total number of Higgs fields for which the pair
(E,Φ) is stable up to conjugation is 2d2 + 6d+ 4− 3 = 2d2 + 6d+ 1 as required.

□

In deformation theory, one considers trace-free Higgs fields. Note that

H0(P2,EndE(d)) = H0(P2,End0E(d))⊕H0(P2,O(d)),

where End0 denotes trace-free endomorphisms. Thus to get the total number of trace-free Higgs
fields such that the pair (E,Φ) is stable, we must subtract h0(P2,O(d)) = 1

2 (d + 1)(d + 2) to the
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dimensions computed in Proposition 3.2. In this case, these represent the dimension of the Zariski
tangent space to MVW

m,0,d at the point (E,Φ). This yields

Corollary 3.4. Let d ≥ 0 and 0 ≤ m ≤ d and let E = O ⊕ O(m). The dimension of the Zariski
tangent space to MVW

m,0,d at the point (E,Φ) is 3
2d(d+3) when m = 0 and 3

2d(d+3)+ 1
2m(m−3)+1

when m > 0.

From now on, we assume that the Higgs field Φ is trace-free.

3.2. Wild Vafa-Witten Pairs With ℓ = 1. Let (E,Φ) be a rank-two wild Vafa-Witten bundle
with Φ ∈ H0(P2,End0E(1)). In this case, detΦ ∈ H0(P2,O(2)) and the spectral cover of Φ is a
double cover f : Y → P2 branched along the conic ρ = detΦ. By the spectral correspondence, if the
conic is smooth, then (E,Φ) is stable, and there exists a line bundle L → Y such that E = f∗L and
Φ is determined by the multiplication map induced by the tautological section on Tot(L). Since
f is a double cover of P2 branched along a smooth conic, Schwarzenberger’s classification implies
that Y ∼= P1 × P1 [25]. The push-forwards of line bundles on P1 × P1 are explicitly known; they
coincide with the bundles Eρ

r,s introduced in Section 2. In this section, we compute the dimensions

hi(P2,End0E
ρ
r,s(d)) for i ≥ 0 and d ≥ 0, which are necessary for the deformation theory of pairs

(Eρ
r,s,Φ) (see Section 4). The case where s = 0 and r ≥ 3 is treated in [22, Proposition 6.1 and

Corollary 6.3] and [20, Corollary 5.4]; the proof for the remaining cases proceeds analogously and
is included here for completeness.

Proposition 3.5. Let d ≥ 0 and assume without loss of generality that s ≥ r. The dimension of
the zeroth cohomology group for End0E

ρ
r,s(d) is given by

h0(P2,End0E
ρ
r,s(d)) =

1

2
d(d+ 1) + δrs,d(2− s+ r + d)(2− r + s+ d),

where δrs,d = 1 if d ≥ s− r − 1 and zero otherwise.

Proof. Let d > 0 and notice that

H0(P2,EndEρ
r,s(d)) = H0(P2, Eρ

r,s ⊗ (Eρ
r,s)

∗ ⊗O(d))

= H0(P1 × P1,O(r, s)⊗ f∗((Eρ
r,s)

∗ ⊗O(d)))

= H0(P1 × P1, f∗(Eρ
r,s)

∗ ⊗O(r, s)⊗O(d, d))

= H0(P1 × P1, f∗(Eρ
r,s)

∗(r + d, s+ d))

using the projection formula with f : P1 × P1 → P2 and the fact that Eρ
r,s = f∗O(r, s) and

f∗O(d) = O(d, d). So we compute the dimension of the group

H0(P1 × P1, f∗(Eρ
r,s)

∗(r + d, s+ d))

as it is easier to compute cohomology on P1. The map f∗Eρ
r,s → O(r, s) is surjective. i.e. it has a

kernel, so there is the short exact sequence

0 → K → f∗Eρ
r,s → O(r, s) → 0

where K is the kernel. Since K is a line bundle on P1 × P1, it takes the form K = O(a, b) for some
a, b ∈ Z. Then, det(f∗Eρ

r,s) = K ⊗O(r, s) = O(a+ r, b+ s). Since

det(f∗Eρ
r,s)

∼= O(c1(E
ρ
r,s), c1(E

ρ
r,s)) = O(r + s− 1, r + s− 1),
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this implies a = s− 1 and b = r − 1. So, one obtains the short exact sequence

0 → O(s− 1, r − 1) → f∗Eρ
r,s → O(r, s) → 0.

Taking the dual sequence and tensoring by O(r + d, s+ d) gives

0 → O(d, d) → f∗(Eρ
r,s)

∗(r + d, s+ d) → O(1− s+ r + d, 1− r + s+ d) → 0.

This induces the long exact sequence of cohomologies

0 → H0(O(d, d)) → H0(f∗(Eρ
r,s)

∗(r + d, s+ d)) → H0(O(1− s+ r + d, 1− r + s+ d)) →
→ H1(O(d, d)) → · · · .

But H1(O(d, d)) = 0 on P1 × P1, so it becomes the short exact sequence

0 → H0(O(d, d)) → H0(f∗(Eρ
r,s)

∗(r + d, s+ d)) → H0(O(1− s+ r + d, 1− r + s+ d)) → 0.

From this,

h0(f∗(Eρ
r,s)

∗(r + d, s+ d)) = h0(O(d, d)) + h0(O(1− s+ r + d, 1− r + s+ d))

= (d+ 1)2 + δrs,d(2− s+ r + d)(2− r + s+ d),

where δrs,d = 1 if d ≥ s− r − 1 and zero otherwise. Subtracting by the trace gives

h0(P2,End0E
ρ
r,s(d)) =

1

2
d(d+ 1) + δrs,d(2− s+ r + d)(2− r + s+ d).

□

Using these calculations, we may determine which of the Eρ
r,s are stable. Eρ

r,s is simple if

h0(P2,End0E
ρ
r,s) = 0,

and rank-two bundles on P2 are simple if and only if they are stable. Thus, by setting d = 0 in the
above proposition, we get

h0(P2,End0E
ρ
r,s) = (2− s+ r)(2− r + s)

for s ≤ r+1 and h0(P2,End0E
ρ
r,s) = 1 for s > r+1. So, Eρ

r,s is simple and hence stable if and only
if s ≥ r + 2.

Proposition 3.6. Let d ≥ 0, r ∈ Z and assume without loss of generality that s ≥ r. Then
H2(P2,End0E

ρ
r,s(d)) = 0.

Proof. Use Serre duality on H2(P2,End0E
ρ
r,s(d))

∗ to get

H2(P2,End0E
ρ
r,s(d))

∗ ∼= H0(P2,End0E
ρ
r,s(−d− 3)) = H0(P2,End0E

ρ
r,s(d̃))

where d̃ := −d − 3 < 0. Plugging in the cases s = r, r + 1, r + 2 and s = r + k for k > 2 yields
h0(P2,End0E

ρ
r,s(d̃)) = 0. □

In the remainder, we suppress P2 from the cohomology groups to simplify notation.

Proposition 3.7. Let d ≥ 0. For s = r, s = r + 1, or s = r + 2 we have h1(End0E
ρ
r,s(d)) = 0.
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Proof. Let d ≥ 0. By Hirzeburch-Riemann-Roch,

h1(End0E
ρ
r,s(d)) = h0(End0E

ρ
r,s(d)) + h2(End0E

ρ
r,s(d))− deg(ch(End0E

ρ
r,s(d)) · td(P2))2.

We have

ch(End0E
ρ
r,s) = 3 + (c1(E

ρ
r,s)

2 − 4c2(E
ρ
r,s))

with c1(E
ρ
r,s) = (r + s− 1) ·H and c2(E

ρ
r,s) =

1
2 (r(r − 1) + s(s− 1)) ·H2,

ch(O(d)) = 1 + dH +
1

2
d2H2,

and

td(P2) = 1 +
3

2
H +H2.

Taking the product of the above and extracting the coefficient of H2 yields

h1(End0E
ρ
r,s(d)) = h0(End0E

ρ
r,s(d)) + h2(End0E

ρ
r,s(d))−

(
3

2
d(d+ 3)− r2 − s2 + 2rs+ 4

)
.

The result then follows from Propositions 3.5 and 3.6.
□

We end by considering the case s > r + 2.

Proposition 3.8. Let d ≥ 0, r ∈ Z and assume s = r + k for k > 2. Then the following hold:

i) h1(End0E
ρ
r,s) = k2 − 4;

ii) h1(End0E
ρ
r,s(1)) = k2 − 9;

iii) h1(End0E
ρ
r,s(d)) = 0 for d > 1.

Proof. From Proposition 3.7, we have the equation

h1(End0E
ρ
r,r+k(d)) = −3

2
d(d+ 3) + r2 + (r + k)2 − 2r(r + k)− 4 + h0(End0E

ρ
r,r+k(d)).

Combined with Proposition 3.5, this yields the desired result. □

3.3. Wild Vafa-Witten Pairs With ℓ = 2. Let (E,Φ) be a rank-two wild Vafa-Witten bundle
with Φ ∈ H0(P2,End0E(2)). This time, detΦ ∈ H0(P2,O(4)) and the spectral cover of Φ is a
double cover g : Y → P2 branched along the quartic ρ = detΦ. Again, the spectral correspondence
tells us that if the quartic is smooth, then (E,Φ) is stable and there exists a line bundle L → Y
such that E = g∗L and Φ is given by the multiplication map on Tot(L). And since g is a double
cover of P2 branched along a smooth quartic, Schwarzenberger’s classification implies that Y is
the blow-up P̃2

7 of P2 along seven distinct points in general position [25]. The push-forwards of

the line bundles Lp,ti on P̃2
7 are the bundles Eρ

p,ti introduced in Section 2. In this case, we are

not able to compute the dimensions hi(P2,End0E
ρ
p,ti(d)) for i ≥ 0 and d ≥ 0. In the case ℓ =

1, the calculation of h0(P2,End0E
ρ
r,s(d)) in Proposition 3.5 is greatly simplified by the fact that

h1(P1 × P1,O(d, d)) = 0, for all d ≥ 0. For the ℓ = 2 case, an analogous simplification does not

occur because h1(P̃2
7, L

3d,−d) = 7d, which is non-zero when d > 0. We can nonetheless determine
which of the bundles Eρ

p,ti are stable. Note that when Eρ
p,ti is stable, then (Eρ

p,ti ,Φ) is a stable wild

Vafa-Witten pair for any d ≥ 0 and any Φ ∈ H0(P2,End0E
ρ
p,ti(d)).
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Proposition 3.9. Suppose p ≥ −1 and t1, t2, . . . , t7 ∈ Z, then the bundles Eρ
p,ti are stable if and

only if

7∑
j=1

tj =
8− 7p

3
or

7− 7p

3
, if c1 + 2ti ≥ 0 for all i

or
7∑

j=1

[(c1 + 2tj)
2 + (c1 + 2tj)] = (−3c1 + 2p+ 1)(−3c1 + 2p+ 2), if c1 + 2ti < 0 for some i,

where c1 =
∑7

i=1 ti + 3p− 2.

Proof. From the surjective map g∗Eρ
p,ti → Lp,ti , one obtains the following short exact sequence

0 → K → g∗Eρ
p,ti → Lp,ti → 0

where K is the kernel bundle, which we may write as K = Lq,si for some q, s1, s2, · · · , s7 ∈ Z. From
det(g∗Eρ

p,ti) = Lp,ti ⊗ Lq,si = Lp+q,ti+si and

det(g∗Eρ
p,ti) = g∗ det(Eρ

p,ti) = g∗O((t+ 3p− 2) ·H) = K−c1
P̃2
7

we get that Lp+q,si+ti = K−c1
P̃2
7

where KP̃2
7
is the canonical bundle of P̃2

7. The canonical bundle KP̃2
7

may be associated to the divisor −3M + N1 + · · · + N7, and we may write KP̃2
7
= L−3,1 and so

K−c1
P̃2
7

= L3c1,−c1 . Thus,

L3c1,−c1 = Lp+q,ti+si

which implies 3c1 = p+ q and −c1 = ti + si and so we have the short exact sequence

0 → L3c1−p,−c1−ti → g∗Eρ
p,ti → Lp,ti → 0.

Taking the dual sequence and then tensoring by Lp,ti ⊗K−d

P̃2
7

yields

0 → L3d,−d → Lp,ti ⊗ g∗((Eρ
p,ti)

∗ ⊗O(d)) → L−3c1+2p+3d,c1+2ti−d → 0.

Taking the long exact sequence in cohomology gives

0 → H0(P̃2
7, L

3d,−d) → H0(P̃2
7, L

p,ti ⊗ g∗((Eρ
p,ti)

∗(d))) → H0(P̃2
7, L

−3c1+2p+3d,c1+2ti−d)

→ H1(P̃2
7, L

3d,−d) → · · ·

where using the properties from 2.12 iv) and v), h1(P̃2
7, L

3d,−d) = 7d and h0(P̃2
7, L

3d,−d) =
d2 + 8d+ 1. So for d = 0:

h0(P2,EndEρ
p,ti) = h0(P̃2

7, L
p,ti ⊗ g∗(Eρ

p,ti)
∗) = 1 + h0(P̃2

7, L
−3c1+2p,c1+2ti)

and so the result follows from 2.12 iv) and the fact that

h0(P̃2
7, L

p,ti ⊗ g∗(Eρ
p,ti)

∗ ⊗O(d))) = h0(P2,EndEρ
p,ti(d)).

□
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3.4. Relationship Between ℓ = 1 and ℓ = 2. Let E → P2 be a rank-two holomorphic vector
bundle arising both as E = f∗O(r, s) for a double cover f : P1 × P1 → P2 when ℓ = 1, and as E =

g∗L
p,ti for a double cover g : P̃2

7 → P2 when ℓ = 2, as described in Sections 3.2 and 3.3, respectively.
As noted at the end of Remark 2.12, such bundles exist. Since both coverings are smooth, the
spectral correspondence yields stable pairs in each case. When ℓ = 1, the correspondence produces
a Higgs field Φ ∈ H0(P2,End0E(1)), and for ℓ = 2, it produces a Higgs field Φ̃ ∈ H0(P2,End0E(2)).
However, given any h ∈ H0(P2,O(1)), we can construct the Higgs field Φ⊗ h ∈ H0(P2,End0E(2)),
and the pair (E,Φ⊗ h) defines a stable wild Vafa-Witten bundle with d = 2 whose Higgs field is a
multiple of a Higgs field with d = 1. Therefore, when the underlying bundle E is a Schwarzenberger
bundle for both ℓ = 1 and ℓ = 2, Higgs fields with d = 2 can be obtained via the spectral
correspondence for ℓ = 1 after tensoring by an h ∈ H0(P2,O(1)), or via the spectral correspondence
for ℓ = 2. In both cases, the wild Vafa-Witten pair is stable. However, in the first case, if
Φ ∈ H0(P2,End0E(1)) and h ∈ H0(P2,O(1)), the spectral cover of Φ ⊗ h is singular since its
branching curve is the zero locus of h2 detΦ and therefore reducible. Whereas, the Higgs fields
coming from the ℓ = 2 construction have smooth spectral covers.

3.5. Wild Vafa-Witten Bundles With ℓ ≥ 3 or Singular Spectral Covers With ℓ ≥ 1.
When ℓ ≥ 3, consider a smooth double cover f : X → P2 branched along a smooth curve ρ ∈
H0(P2,O(2ℓ)). Suppose (E,Φ) is a rank-two Vafa-Witten bundle with Φ ∈ H0(P2,End0E(ℓ)) and
detΦ = ρ. Then the spectral correspondence states that E is obtained as the push-forward of some
line bundle L on X with Φ induced from the multiplication of the tautological section of Tot(O(ℓ))
on L. From Schwarzenberger [25], when ℓ = 3, X is a non-singular K3 surface and when ℓ ≥ 4, X
is a surface of general type.

Finally, consider a double cover f : X → P2 branched along a singular curve ρ ∈ H0(P2,O(2ℓ))
with ℓ ≥ 1. In this case, X is singular. Can one still construct a stable rank-two wild Vafa-Witten
pair (E,Φ) with Φ ∈ H0(P2,End0E(ℓ)) such that detΦ = ρ using a spectral type correspondence?
This can be done by adapting the techniques used to study Higgs bundles over Riemann surfaces
with singular spectral curves (see [7, 11, 1] and the references therein). This will be studied in
future work.

4. Moduli Space of Stable wild Vafa-Witten Bundles

Let c1, c2 ∈ Z and d ∈ Z≥0. We denote MVW
c1,c2,d

the moduli space of stable wild Vafa-Witten

pairs (E,Φ) on P2 with c1(E) = c1 ·H, c2(E) = c2 ·H2 and Φ ∈ H0(P2,End0E(d)). In this section,
we consider moduli spaces with c1 = r + s − 1 and c2 = 1

2 (r(r − 1) + s(s − 1)). Moreover, by the

spectral correspondence, any stable pair (E,Φ) ∈ MVW
c1,c2,1 with smooth spectral cover and Chern

classes

c1(E) = (r + s− 1) ·H, c2(E) =

(
1

2
(r(r − 1) + s(s− 1))

)
·H2

for some integers r, s ∈ Z with s ≥ r, is such that E = Eρ
r,s for some ρ ∈ H0(P2,O(2)). Given that

the cohomology of Eρ
r,s is well understood, we get the following result by studying the deformation

theory of such pairs:

Theorem 4.1. For r, s ∈ Z with s ≥ r, let c1 = r + s − 1 and c2 = 1
2 (r(r − 1) + s(s − 1)). The

moduli space MVW
c1,c2,1 is smooth with complex dimension

dimC MVW
c1,c2,1 = 6.
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For d > 0, not every stable pair (E,Φ) is such that E = Eρ
r,s, and little is known about the

cohomology of E when E ̸= Eρ
r,s. We can nonetheless compute the dimension of the connected

components of MVW
c1,c2,d

containing pairs (Eρ
r,s,Φ).

Theorem 4.2. Let d > 0 and r, s ∈ Z with s ≥ r. Let c1 = r+s−1 and c2 = 1
2 (r(r−1)+s(s−1)).

If C is a connected component of MVW
c1,c2,d

containing pairs of the form (Eρ
r,s,Φ), then

dimC C =
3

2
d(d+ 3).

Remark 4.3. We are only considering the case when d > 0 in Theorem 4.2 as when d = 0, the
only traceless endomorphisms Φ for which the pair (E,Φ) is stable is Φ = 0 (see [16, Lemma 3.2]).

4.1. Hypercohomology Computations. To determine the smooth loci of the moduli space of
stable wild Vafa-Witten pairs whose underlying bundle is a Schwarzenberger bundle of type ℓ = 1,
we consider the deformation theory of such pairs. By analyzing the associated spectral sequence
arising from the deformation complex of a stable wild Vafa-Witten pair with underlying bundle a
Schwarzenberger bundle Eρ

r,s of type ℓ = 1, we identify the first hypercohomology group of this

complex with the Zariski tangent space to the moduli space MVW
r,s,d at the corresponding point. In

particular, the dimension of the first hypercohomoloy coincides with the dimension of the Zariski
tangent space at a stable pair (Eρ

r,s,Φ). Let d > 0, and fix a Higgs field Φ ∈ H0(End0E
ρ
r,s(d)).

Consider the complex:

0 → End0E
ρ
r,s

−∧Φ→ End0E
ρ
r,s ∧ O(d)

−∧Φ→ End0E
ρ
r,s ∧2 O(d) → · · · .

Since O(d) is a line bundle, the above complex reduces to

0 → End0E
ρ
r,s

−∧Φ→ End0E
ρ
r,s(d) → 0.(4.1)

In particular, the condition Φ ∧ Φ = 0 is automatically satisfied, so the operation
− ∧ Φ defines a differential on the complex of Čech cochains associated to End0E

ρ
r,s ⊗ ∧•O(d).

Denoting this complex of cochains by C•(End0E
ρ
r,s∧•O(d)), we obtain the standard Čech resolution

0 → C0(End0E
ρ
r,s ∧• O(d))

δ→ C1(End0E
ρ
r,s ∧• O(d))

δ→ C2(End0E
ρ
r,s ∧• O(d)) → · · · ,

where δ denotes the ordinary Čech coboundry operator. We regard this as the zeroth sheet of
the spectral sequence computing the hypercohomology of 4.1, and denote by

Ep,q
1 = Hp

δ (End0E
ρ
r,s ∧q O(d))

the first-sheet terms, where Hδ indicates Čech cohomology with respect to δ. Since ∧qO(d) = 0
for q ≥ 2, we immediately obtain Ep,q

1 = 0 for all such q. Moreover, as we are working on a complex
surface, Hp

δ (End0E
ρ
r,s ∧q O(d)) = 0 for p > 2; hence Ep,q

1 = 0 for p > 2. Consequently, the only
possible nontrivial terms on the E1-page occur for 0 ≤ p ≤ 2 and 0 ≤ q ≤ 1. The second sheet of
the associated spectral sequence is obtained by taking cohomology with respect to the differential
− ∧ Φ. Explicitly,

Ep,q
2 = Hp

−∧Φ(H
q
δ (∧

•O(d))) =
ker(Hq

δ (End0E
ρ
r,s ∧p O(d))

−∧Φ→ Hq
δ (End0E

ρ
r,s ∧p+1 O(d)))

im(Hq
δ (End0E

ρ
r,s ∧p−1 O(d))

−∧Φ→ Hq
δ (End0E

ρ
r,s ∧p O(d)))

.
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The terms Ep,q
2 thus encode the hypercohomology groups of the complex 4.1, and fit into the

exact sequence described in [22, Proposition 3.2]

0 → E1,0
2 → H1 → E0,1

2
d2→ E2,0

2 → H2 → E1,1
2 → 0.(4.2)

The map d2 : Ep,q
2 → Ep+2,q−1

2 is a differential operator such that d22 = 0, and understanding
this map is needed in order to decipher the first hypercohomology group. For Schwarzenberger
bundles, we have the following:

E0,1
2 = ker

(
H1(End0E

ρ
r,s)

−∧Φ→ H1(End0E
ρ
r,s(d))

)
⊆ H1(End0E

ρ
r,s).

From Proposition 3.7, H1(End0E
ρ
r,s) = 0 for s = r, r + 1, r + 2, and thus,

(
d2 : E0,1

2 → E2,0
2

)
⊆

H1(End0E
ρ
r,s) = 0 is the zero map. For s = r + k with k > 2, tt is not clear that d2 = 0 as

H1(End0E
ρ
r,r+k) is non-zero. One can show however that d2 = 0 in this case as well (see Section

2.1 in [20]). This then implies that there is a splitting

0 → E1,0
2 → H1 → E0,1

2 → 0,

and so one can compute the first hypercohomology group of the complex as H1 = E1,0
2 ⊕E0,1

2 . The
two groups are

E0,1
2 = ker

(
H1(End0E

ρ
r,s) → H1(End0E

ρ
r,s(d))

)
and

E1,0
2 =

H0(End0E
ρ
r,s(d))

im(H0(End0E
ρ
r,s) → H0(End0E

ρ
r,s(d)))

.

For s = r, r + 1, r + 2, H1(End0E
ρ
r,s(d)) = 0 for all d ≥ 0, and so E0,1

2 vanishes. Thus,

H1 ∼=
H0(End0E

ρ
r,s(d))

im(H0(End0E
ρ
r,s) → H0(End0E

ρ
r,s(d)))

for these values of s in which we can interpret as follows. The vector space H0(End0E
ρ
r,s(d))

parametrizes trace-free global Higgs fields on the Schwarzenberger bundles Eρ
r,s. The bottom image

corresponds to the infinitesimal action of the automorphism group Aut(Eρ
r,s) on these Higgs field via

conjugation. Equivalently, the first hypercohomology group H1 of the deformation complex classifies
infinitesimal deformations of stable pairs (Eρ

r,s,Φ), or trace-free Higgs fields modulo conjugation by

Aut(Eρ
r,s). When the obstruction group H2 vanishes, the Zariski tangent space at a point (Eρ

r,s,Φ)

is identified with the quotient of H0(End0E
ρ
r,s(d)) by this conjugation action.

We compute the dimension of this space in the cases s = r, s = r + 1, or s = r + 2 first then
deal with the case s = r+ k with k > 2 last. When s = r+ k for k > 2, the group E0,1

2 is non-zero

and the first Hypercohomology group is H1 = E1,0
2 ⊕ E0,1

2 . The following known lemma is useful
for these computations:

Lemma 4.4. Let V be a rank-two holomorphic vector bundle on P2. For any stable (V,Φ) with
Φ ∈ H0(EndV (d)), the subspace of H0(EndV ) consisting of endomorphisms that commute with Φ
is generated by IdV .

See, for example, the proof of [18, Proposition 7.1] for a proof. We treat each case separately.
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4.2. Proofs of Theorems 4.1 and 4.2.

s = r, r+ 1. Here,

dimH1 = h0(End0E
ρ
r,r(d))− dim

(
im(H0(End0E

ρ
r,r) → H0(End0E

ρ
r,r(d)))

)
and

h0(End0E
ρ
r,r(d)) =

1

2
d2 +

1

2
d+ 4 + 4d+ d2 =

3

2
d(d+ 3) + 4.

For the image, we use Lemma 4.4, which states that the dimension of the kernel of the map

H0(End0E
ρ
r,r)

∧Φ→ H0(End0E
ρ
r,r(d)) is one-dimensional, and so

dim im((H0(End0E
ρ
r,r) → H0(End0E

ρ
r,r(d))) = h0(End0E

ρ
r,r)− 1 = 5− 1 = 4.

Thus, the dimension of the first hypercohomology group H1 of the spectral sequence when s = r
is

dimH1 =
3

2
d(d+ 3).

Now, for s = r + 1,

dimH1 = h0(End0E
ρ
r,r+1(d))− dim

(
im(H0(End0E

ρ
r,r+1) → H0(End0E

ρ
r,r+1(d)))

)
and

h0(End0E
ρ
r,r+1(d)) =

3

2
d(d+ 3) + 3.

The kernel of H0(End0E
ρ
r,r+1) → H0(End0E

ρ
r,r+1(d)) is one dimensional via Lemma 4.4, and as a

result

dim
(
im(H0(End0E

ρ
r,r+1) → H0(End0E

ρ
r,r+1(d)))

)
= h0(End0E

ρ
r,r+1)− 1 = 4− 1 = 3.

The dimension of the first hypercohomology group of the spectral sequence when s = r + 1 is
dimH1 = 3

2d(d+ 3).

Now these represent the dimension of the Zariski tangent space T(Eρ
r,s,Φ)MVW

c1,c2,d
at the point

(Eρ
r,s,Φ) for s = r or s = r + 1 given that the obstruction group H2 vanishes. From the exact

sequence 4.2 and the fact that d2 = 0, we have the short exact sequence

0 → E2,0
2 → H2 → E1,1

2 → 0,

which states H2 ∼= E2,0
2 ⊕ E1,1

2 . However, E2,0
2 vanishes because ∧2O(d) = 0. Also,

E1,1
2 =

H1(End0E
ρ
r,s(d))

im(H1(End0E
ρ
r,s)

∧Φ→ H1(End0E
ρ
r,s(d)))

,

but H1(End0E
ρ
r,s(d)) = 0 for s = r or s = r + 1. Thus E1,1

2 = 0 and so the obstruction vanishes.

This shows that the points (Eρ
r,s,Φ) in MVW

c1,c2,d
for s = r or s = r + 1 are smooth points with

expected dimension 3
2d(d+ 3).
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s = r+ 2. In this case, the computations are simplified since for s ≥ r + 2 the bundles Eρ
r,s are

simple and so automatically stable. Thus,

H1 = E1,0
2 =

H0(End0E
ρ
r,s(d))

im(H0(End0E
ρ
r,s) → H0(End0E

ρ
r,s(d)))

= H0(End0E
ρ
r,s(d)).

Now from Proposition 3.5

h0(End0E
ρ
r,r+2(d)) =

3

2
d(d+ 3),

and so dimH1 = 3
2d(d+3). In this case, H2 also vanishes since H1(End0E

ρ
r,r+2(d)) = 0. Thus in

MVW
c1,c2,d

the point (Eρ
r,r+2,Φ) is smooth with the expected dimension of the Zariski tangent space

being 3
2d(d + 3). To obtain the result in Theorem 4.1 for the case s = r, r + 1, r + 2, set d = 1 in

3
2d(d+ 3).

s = r+ k for k > 2. For s > r + 2, there is still a splitting of 4.2 since d2 = 0 and as such, the
first and second hypercohomology groups are

H1 = H0(End0E
ρ
r,r+k(d))⊕ ker

(
H1(End0E

ρ
r,r+k)

−∧Φ→ H1(End0E
ρ
r,r+k(d))

)
and

H2 =
H1(End0E

ρ
r,r+k(d))

im(H1(End0E
ρ
r,r+k)

−∧Φ→ H1(End0E
ρ
r,r+k(d)))

,

Respectively. From Proposition 3.8 we can see that for d > 1, the obstruction H2 vanishes and
(Eρ

r,r+k,Φ) is a smooth point with expected dimension

dimH1 = h0(End0E
ρ
r,r+k(d)) + h1(End0E

ρ
r,r+k) =

3

2
d(d+ 3) + 4− k2 + k2 − 4

=
3

2
d(d+ 3).

If d = 1, Proposition 3.8 states that h1(End0E
ρ
r,r+k(1)) = k2 − 9, so it is not trivially true that

H2 = 0 as the other cases. To show that the obstruction H2 vanishes, we use the following lemma

from [22, Lemma 2.2] to compute the image of H1(End0E
ρ
r,s)

−∧Φ→ H1(End0E
ρ
r,s(1));

Lemma 4.5. Let X be a smooth complex manifold. Let (E,Φ) be a regular Higgs bundles and L a
line bundle both on X with Φ ∈ H0(X,End0E ⊗ L). Then, we have a short exact sequence

0 → L∗ Φ→ End0E
−∧Φ→ Q → 0,

where Q is the sheaf theoretic image of − ∧ Φ in End0E ⊗ L. If one views Φ as an element of
Γ(Hom(End0E ⊗ L,L⊗ L)), then if for some c ∈ C we have Φ∗ = cΦ, then kerΦ ∼= Q

Proof. This is Lemma 2.2 in [22] □

In the lemma, a regular Higgs bundles means that the spectral cover of Φ is smooth, and Φ∗ is
defined as the dual element of Φ in the vector space Γ(Hom(E∗, E∗ ⊗ L)). We use the lemma for
Φ ∈ H0(End0E

ρ
r,s(1)) with s = r + k for k > 2 to show that H2 is still zero in this case. From the

lemma, we have the short exact sequence;
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0 → O(−1)
Φ→ End0E

ρ
r,r+k

−∧Φ→ Q → 0.(4.3)

Since Φ and Φ∗ can be both viewed as living inside H0(End0E
ρ
r,r+k(1)), combined with the fact

that h0(End0E
ρ
r,r+k(1)) = 1, we have that Φ∗ = cΦ. From the lemma, this implies that we can

view Q ∼= kerΦ which gives us the following short exact sequence;

0 → Q → End0E
ρ
r,r+k(1)

Φ→ O(2) → 0.(4.4)

The long exact sequence in cohomology of 4.3 tells us that H0(Q) = 0 and H1(End0E
ρ
r,r+k) =

H1(Q). Combining this with the long exact sequence in cohomology from 4.4, we arrive at the
following short exact sequence;

0 → H0(End0E
ρ
r,r+k(1)) → H0(O(2)) → H1(End0E

ρ
r,r+k)

−∧Φ→ H1(End0E
ρ
r,r+k(1)) → 0.

This shows that the mapping − ∧ Φ : H1(End0E
ρ
r,r+k) → H1(End0E

ρ
r,r+k(1)) is surjective. With

this, going back and recalling that

H2 =
H1(End0E

ρ
r,r+k(1))

im(H1(End0E
ρ
r,r+k)

−∧Φ→ H1(End0E
ρ
r,r+k(1)))

which vanishes from the above, showing that for d = 1, the point (Eρ
r,r+k,Φ) with k > 2 is a smooth

point in the moduli space with expected dimension dimH1. Recall that in this case

H1 = H0(End0E
ρ
r,r+k(1))⊕ ker

(
H1(End0E

ρ
r,r+k)

−∧Φ→ H1(End0E
ρ
r,r+k(1))

)
,

which for k = 3, h1(End0E
ρ
r,r+3(1)) = 0 and so dimH1 = h0(End0E

ρ
r,r+k(1)) + 5 = 6.

When k > 3, using the fact that the mapping −∧Φ : H1(End0E
ρ
r,r+k) → H1(End0E

ρ
r,r+k(1)) is

surjective

dimker
(
H1(End0E

ρ
r,r+k)

−∧Φ→ H1(End0E
ρ
r,r+k(d))

)
= h1(End0E

ρ
r,sr+k)− h1(End0E

ρ
r,s(1)) = 5.

Thus, for d = 1, with s = r + k with k > 3, the point (Eρ
r,r+k,Φ) is smooth with expected

dimension dimH1 = h0(End0E
ρ
r,r+k(1)) + 5 = 1 + 5 = 6. □

5. Fixed Points

Let c1, c2 ∈ Z and d ∈ Z≥0. We denoteMVW
c1,c2,d

the moduli space of stable wild Vafa-Witten pairs

(E,Φ) on P2 with c1(E) = c1 ·H, c2(E) = c2 ·H2 and Φ ∈ H0(P2,End0E(d)). The multiplicative
group C∗ acts naturally on MVW

c1,c2,d
by scaling the Higgs field, that is,

Φ 7→ cΦ, c ∈ C∗.

The fixed point locus of this action is compact, and, following Tanaka and Thomas [26], one
can define a numerical invariant on MVW

c1,c2,d
by applying virtual localization in the sense of [12].

This invariant is realized as a virtual Euler class integrated over the C∗-fixed locus, and may
be interpreted heuristically as a virtual count of stable pairs in the moduli space. In particular,
the global geometry of MVW

c1,c2,d
can be studied through the structure of these fixed loci. The
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resulting theory extends the Donaldson-Thomas invariants of [9] to the setting of wild Vafa-Witten
pairs, in which the Higgs field takes values in O(d) for d ≥ 0. The computation of the Tanaka-
Thomas invariants of MVW

c1,c2,d
will be done in a future work; for now, we describe its C∗-fixed locus.

Concretely, let E be a rank-two torsion-free sheaf on P2, and let Φ ∈ H0(End0E(d)) for some d ≥ 0.
Suppose (E,Φ) is a C∗-fixed point. Then, by Theorem 2.14, we may decompose

E = E1 ⊕ E2, Φ =

(
0 0
ϕ 0

)
,

where ϕ : E1 → E2(d) is a non-zero morphism. Since each Ei is a rank-one torsion-free sheaf,
we may write Ei = IZi

⊗ O(mi), for some mi ∈ Z, where IZi
denotes the ideal sheaf of a zero-

dimensional subscheme Zi ⊆ P2 for i = 1, 2. The nontriviality of ϕ requires that Z2 ⊆ Z1 as
subschemes of P2. Without loss of generality, we may assume m1 ≥ m2. Stability then imposes the
relation m2 = m1 − j for 0 ≤ j ≤ d. Accordingly, we can rewrite the bundle as

E = O(m1)⊗ (IZ1 ⊕ IZ2(−j))

and the Higgs field ϕ ∈ H0(Hom(IZ1
, IZ2

)⊗O(d− j)). Let

n := #|Z1|+#|Z2|
denote the total length of the subschemes. A direct computation yields the Chern classes

c1(E) = 2m1 − j, c2(E) = m1(m1 − j) + n.

The following proposition, which follows from [26, Lemma 8.3], provides a classification of all
possible fixed points of the C∗-action. In what follows, we set m1 = m for notational simplicity.

Proposition 5.1. Let d ≥ 0, 0 ≤ j ≤ d, and m ≥ 0. The fixed points of the C∗-action in the
moduli space of stable wild Vafa-Witten pairs on P2 are of the form

E = O(m)⊗ (IZ1
⊕ IZ2

(−j)), Φ =

(
0 0

ι⊗ s 0

)
where ι : IZ1

↪→ IZ2
is the inclusion and s ∈ H0(O(d− j)).

Proof. We already demonstrated how we can write our bundle as

E = O(m)⊗ (IZ1
⊕ IZ2

(−j)).

We show that we can think of ϕ ∈ H0(Hom(IZ1 , IZ2)⊗O(d− j)) globally as ι⊗ s for ι : IZ1 ↪→ IZ2

the inclusion and s ∈ H0(O(d− j)). Consider the short exact sequence for the ideal IZ2 ,

0 → IZ2
→ O → O/IZ2

→ 0.

Applying the functor Hom(IZ1
, ·) gives

0 → Hom(IZ1 , IZ2) → Hom(IZ1 ,O) → Q → 0

where Q is the quotient sheaf. Tensoring by O(d− j), which preserves exactness, we arrive at

0 → Hom(IZ1
, IZ2

)⊗O(d− j) → Hom(IZ1
,O)⊗O(d− j) → Q⊗O(d− j) → 0.

From the long exact sequence in cohomology we arrive at the fact that

h0(Hom(IZ1 , IZ2)⊗O(d− j)) ≤ h0(Hom(IZ1 ,O)⊗O(d− j)),
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in which we know that h0(Hom(IZ1 ,O) ⊗ O(d − j)) = h0(O(d − j)). Since Z2 ⊂ Z1 we know
that Hom(IZ1 , IZ2) contains at least one global element, namely the inclusion ι : IZ1 ↪→ IZ2 . In
particular, given s ∈ H0(O(d − j)), the product ι ⊗ s ∈ H0(Hom(IZ1

, IZ2
) ⊗ O(d − j)). Since we

have an h0(O(d− j)) worth of s to pick from and that

h0(Hom(IZ1
, IZ2

)⊗O(d− j)) ≤ h0(O(d− j)),

we must have that all elements of H0(Hom(IZ1 , IZ2) ⊗ O(d − j)) are of the form ι ⊗ s for some
s ∈ H0(O(d− j)).

□

We illustrate this with a few examples based on the total number of points in the subschemes.

Example 5.1. n = 0: When #|Z1| + #|Z2| = 0, we are in the situation where Z1 = Z2 = ∅
are both empty as sets. This forces E = O(m) ⊕ O(m − j) and ϕ : O(m) → O(m − j + d) or
ϕ ∈ H0(O(d− j)).

Example 5.2. n = 1: When #|Z1| + #|Z2| = 1, since we have Z2 ⊆ Z1, we are in the situation
where Z1 = {p} and Z2 = ∅. In this case, the bundle is

E = O(m)⊗ (Ip ⊕O(−j))

where Ip is the ideal sheaf supported at a point p ∈ P2. The Higgs field is ϕ ∈ Hom(Ip(m),O(m−
j + d)) which we can interpreted as ϕ = ιIp ⊗ s where s ∈ H0(O(d − j)) and ι : Ip ↪→ O is the
inclusion.

Example 5.3. n = 2: When #|Z1| + #|Z2| = 2 we have two cases. Either Z1 = {p1, p2} and
Z2 = ∅ or Z1 = Z2 = {p}. In the former, the bundle is

E = O(m)⊗ (IZ1 ⊕O(−j))

and the Higgs field is ϕ ∈ Hom(IZ1
(m),O(m− j+d)) which can be interpreted as ϕ = ιIZ1

⊗s with

s ∈ H0(O(d− j)) where ιZ1
: Z1 ↪→ O is the inclusion. In the latter case when Z1 = Z2 = {p}, the

bundle is
E = O(m)⊗ (Ip ⊕ Ip(−j)).

Again, Ip is the ideal sheaf supported on a point p ∈ P2. The Higgs field is a section

ϕ ∈ Hom(Ip(m), Ip(m− j + d))

which can be interpreted as ϕ = IdIp ⊗ s with s ∈ H0(O(d− j)) (here ι : Ip → Ip is the identity).

When trying to compute the Tanaka-Thomas invariants for the moduli space of stable wild pairs
on P2, it’s better to compute the fixed points by first fixing a Chern class, usually the second Chern
class. We demonstrate by showing two examples by computing fixed points for low Chern classes.

Example 5.4. When c2(E) ≤ 0, we have that m(m− j) + ℓ ≤ 0 or ℓ ≤ −m(m− j). Since ℓ ≥ 0,
we must have m(m− j) ≤ 0. So either m = 0 or m = j with ℓ = 0 or ℓ = −m(m− j) for 0 < m < j.
In the former, E = O ⊕ O(−j) for m = 0 or E = O(j) ⊕ O for m = j (the two are equivalent up
to tensoring by the line bundle O(±j)).

Remark 5.2. When looking to compute the Tanaka-Thomas invariants for c2(E) < 0, when d = 1
the component of the C∗-fixed locus is empty. Since there are no stable pairs with ϕ ̸= 0 and
c2(E) < 0. Also, for ϕ = 0, there are no stable bundles with c2(E) < 0. However, when we increase
d, say d = 2, there will be contributions when ϕ ̸= 0. In general, for c2(E) < 0 and d ≥ 2, the fixed
locus will be non-empty.
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Example 5.5. When c2(E) = 1, we have that m(m− j)+ ℓ = 1 or 1−m(m− j) = ℓ. Since ℓ ≥ 0,
this implies m(m− j) ≤ 1. Again, we could have m = 0 or m = j in which ℓ = 1 in both cases. We
already examined the case when ℓ = 1, this corresponds to when E = O(m) ⊗ (Ip ⊕ O(−j)) with
p ∈ P2 a point. For m = 0 we have E = Ip ⊕O(−j) and for m = j we have E = Ip(j)⊕O (again
these are equivalent up to tensoring by a line bundle). For m ̸= 0, j we would require 0 < m < j
in which ℓ = 1 −m(m − j) and one can compute what form the bundle E would take for specific
values of d, j and m.
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